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SUMMARY 
The p r i m a r y o b j e c t i v e of t h i s i n v e s t i g a t i o n i s t o make an e v a l u ­
a t i o n of two m e a s u r e s of l i n e a r s y s t e m memory l e n g t h t o d e t e r m i n e 
w h i c h , i f e i t h e r , i s t h e b e t t e r measure of memory l e n g t h . The two 
measu re s w i t h which t h e i n v e s t i g a t i o n i s c o n c e r n e d a r e d e f i n e d a s 
f o l l o w s : 
oo 
/ t | h ( t ) | d t 
|M| = 2 _ 
I I 00 
/ | h ( t ) | d t 
o 
and 
00 
J t h 2 ( t ) d t 
M0 = 2 . 
2 0 0 9 
/ li < t ) d t 
o 
I n t h e s e e x p r e s s i o n s h ( t ) i s t h e s y s t e m i m p u l s e r e s p o n s e f u n c t i o n , and 
| h ( t ) | i n d i c a t e s t h e a b s o l u t e v a l u e of t h i s f u n c t i o n . 
A b r i e f i n t r o d u c t i o n t o t h e c o n c e p t of l i n e a r s y s t e m memory i s 
g i v e n . To make t h e e v a l u a t i o n of | M | and M^, c e r t a i n c r i t e r i a and 
r e l a t i o n s h i p s a r e e s t a b l i s h e d . Formulas f o r | M | and M^ w i t h r e s p e c t t o 
c e r t a i n s y s t e m s a r e t h e n u s e d t o d e t e r m i n e w h e t h e r t h e s e c r i t e r i a and 
r e l a t i o n s h i p s a r e m e t . Compar i son and e v a l u a t i o n of t h i s i n f o r m a t i o n 
i s done w i t h g r a p h s and t a b l e s , which a r e i n c l u d e d . On t h e b a s i s of t h e 
i n v e s t i g a t i o n c e r t a i n c o n c l u s i o n s and r ecommenda t i ons a r e made. 
v i i i 
C o n s i d e r i n g l i n e a r s y s t e m s a s a w h o l e , i t i s c o n c l u d e d t h a t t h e 
measure i s t h e b e t t e r measure of memory l e n g t h . T h i s c o n c l u s i o n i s 
r e a c h e d p r i m a r i l y b e c a u s e t h e measure | M | i s v e r y d i f f i c u l t t o e v a l u a t e 
a n a l y t i c a l l y f o r nonmonotone s y s t e m s . 
I t i s recommended, h o w e v e r , t h a t f o r t h e c a s e of compar i son of 
monotone s y s t e m s t h a t t h e measure | M | be u s e d . The e a s e of d e r i v a t i o n 
and t h e s i m p l e form of t h e f o r m u l a s f o r t h i s measure make t h i s r e c o m ­
menda t ion i m p o r t a n t . 
I t i s a l s o recommended t h a t f o r t h e c a s e of monotone s y s t e m s i n 
c a s c a d e t h a t | M | be u s e d a s an a p p r o x i m a t i o n t o Vi^. T h i s recommenda­
t i o n i s p o s s i b l e due t o c e r t a i n c h a r a c t e r i s t i c s of t h e i m p u l s e r e s p o n s e 
f u n c t i o n f o r s y s t e m s i n c a s c a d e . 
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CHAPTER I 
INTRODUCTION 
G e n e r a l 
I n r e c e n t y e a r s , a new s c i e n t i f i c d i s c i p l i n e known a s s y s t e m 
t h e o r y h a s emerged . I t h a s been t h e aim of t h i s d i s c i p l i n e t o p r o v i d e 
t h e s p e c i a l i s t s of many w i d e l y - v a r y i n g and d i s s i m i l a r f i e l d s w i t h a 
common l a n g u a g e and a s e t of a n a l y t i c a l t o o l s . One i n e v i t a b l e outcome 
of t h i s e f f o r t h a s b e e n t h e i n t e r e s t i n ( i f n o t t h e n e c e s s i t y o f ) 
c l a s s i f y i n g ( o r a t l e a s t c o m p a r i n g ) s y s t e m s on t h e b a s i s of some common 
c h a r a c t e r i s t i c s ) . To a l a r g e e x t e n t , t h i s h a s b e e n d o n e . Systems have 
been c l a s s i f i e d o r compared a c c o r d i n g t o w h e t h e r t h e y a r e l i n e a r o r n o n ­
l i n e a r , s t a t i o n a r y o r n o n s t a t i o n a r y , s t a b l e o r u n s t a b l e , memory t y p e o r 
m e m o r y l e s s . Most of t h e s e c l a s s i f i c a t i o n s have b e e n s u c c e s s f u l . One 
b a s i s f o r c l a s s i f i c a t i o n , h o w e v e r , which h a s r e c e i v e d comparab ly l i t t l e 
a t t e n t i o n i s t h a t a s s o c i a t e d w i t h t h e n o t i o n of s y s t e m memory l e n g t h . 
The c o n c e p t s of s y s t e m memory and memory l e n g t h a r e p r o b a b l y b e s t 
e x p l a i n e d by v i e w i n g a s y s t e m as a "box" ( s e e F i g u r e 1) w i t h i n p u t 
F i g u r e 1 . System R e p r e s e n t a t i o n 
2 
( e x c i t a t i o n ) x and o u t p u t ( r e s p o n s e ) y w i t h sys t em i n p u t - o u t p u t r e l a t i o n 
y = Hx 
where H s e r v e s b o t h t o i d e n t i f y t h e s y s t e m and i t s o p e r a t o r . With x 
and y a s f u n c t i o n s of t i m e t , t h i s r e l a t i o n s h i p can b e r e p r e s e n t e d a s 
t h e c o n t i n u o u s t ime s y s t e m 
y ( t ) = H x ( t ) . ( 1 ) 
The s y s t e m H i s s a i d t o be memory t y p e i f t h e o u t p u t y ( t ) depends 
n o t on ly on x ( t ) b u t on t h e i n p u t a t l e a s t a t some p a s t t i m e s . I f t h e 
o u t p u t y ( t ) depends on a t most x ( t ) , H i s c a l l e d a memoryless s y s t e m . 
I f t h e o u t p u t y ( t ) i s c o m p l e t e l y d e t e r m i n e d by t h e i n p u t on t h e i n t e r v a l 
[ t - £ , t ] ( £ > 0 ) , t h e s y s t e m i s s a i d t o have memory of l e n g t h i . In t h i s 
s e n s e , a memoryless sys tem h a s memory of l e n g t h z e r o . I f £ i s f i n i t e 
and n o n z e r o , t h e s y s t e m I s s a i d t o have a f i n i t e memory. 
Th i s d e f i n i t i o n of s y s t e m memory and memory l e n g t h i s e n t i r e l y 
g e n e r a l and can be a p p l i e d t o any s y s t e m which can be v i s u a l i z e d o r p u t 
i n t o t h e form r e p r e s e n t e d i n F i g u r e 1 . The c l a s s of memory t y p e s y s t e m s 
i s a v e r y i m p o r t a n t o n e . In t h i s c l a s s a r e found t h o s e s y s t e m s which 
a r e most c a p a b l e of " d e a l i n g " w i t h t h e i r e n v i r o n m e n t . Th i s i s e v i d e n c e d 
by one o u t s t a n d i n g member of t h i s c l a s s , t h e human s y s t e m i t s e l f . 
In t h i s d e f i n i t i o n i t i s i m p o r t a n t t o assume t h a t t h e i n p u t x 
was a p p l i e d a t t ime t = 
3 
Al though t h e above d e f i n i t i o n of memory l e n g t h i s t h e one 
g e n e r a l l y a c c e p t e d , i t i s n o t t h e one which migh t be most u s e f u l . In 
t h i s i n v e s t i g a t i o n a s l i g h t l y d i f f e r e n t c o n c e p t i o n of memory l e n g t h i s 
u s e d . T h i s c o n c e p t i o n w i l l be made c l e a r i n t h e f o l l o w i n g s e c t i o n s . 
However , f o r t h e p r e s e n t and f o r what f o l l o w s , t h e above d e f i n i t i o n i s 
q u i t e s u f f i c i e n t . 
I t s h o u l d be e v i d e n t t h a t i f , among memory- type s y s t e m s , some 
measure of memory l e n g t h c o u l d be " r e a s o n a b l y " d e f i n e d , a b a s i s f o r 
c l a s s i f y i n g ( o r compar ing ) t h e s e s y s t e m s would e x i s t . To do t h i s i t 
would be n e c e s s a r y t o s t a t e t h e n a t u r e of t h e r e l a t i o n s h i p be tween t h e 
i n p u t x and t h e o u t p u t y of E q u a t i o n ( 1 ) i n some more e x a c t way. For 
a l l memory t y p e s y s t e m s t h i s would p r o b a b l y be a d i f f i c u l t t a s k . For 
l i n e a r memory t y p e s y s t e m s , howeve r , t h i s i n p u t - o u t p u t r e l a t i o n can be 
s i m p l y and p r e c i s e l y s t a t e d . I t i s w i t h t h i s c l a s s of s y s t e m s (memory 
t y p e l i n e a r s y s t e m s ) t h a t t h i s i n v e s t i g a t i o n i s c o n c e r n e d . 
L i n e a r System Memory 
I t i s t h e p u r p o s e of t h i s s e c t i o n t o make t h e meaning of l i n e a r 
s y s t e m memory c l e a r and t o i n t r o d u c e t e r m s and d e f i n i t i o n s which w i l l 
a l l o w a p r e c i s e s t a t e m e n t of t h e n a t u r e of t h i s i n v e s t i g a t i o n . 
Simply s t a t e d , a s y s t e m i s l i n e a r i f i t s a t i s f i e s t h e p r i n c i p l e 
of s u p e r p o s i t i o n . Tha t i s , a s y s t e m H i s l i n e a r i f and o n l y i f 
H ( a X l + 3 x 2 ) = a H x 1 + 6 H x 2 , 
where a , 3 a r e a r b i t r a r y c o n s t a n t s and x , , x a r e any two i n p u t s . The 
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c l a s s of p h y s i c a l s y s t e m s which can be modeled w i t h a l i n e a r i n p u t -
o u t p u t r e l a t i o n assumes a p l a c e of f u n d a m e n t a l i m p o r t a n c e i n a l l 
s c i e n t i f i c work . P r o b a b l y t h e most b a s i c and most i m p o r t a n t r e p r e s e n t a ­
t i o n of t h e s e s y s t e m s i s t h e t r a n s f e r f u n c t i o n r e p r e s e n t a t i o n i l l u s ­
t r a t e d s c h e m a t i c a l l y i n F i g u r e 2 . 
F i g u r e 2 . T r a n s f e r F u n c t i o n R e p r e s e n t a t i o n of a "System 
Here X ( s ) i s t h e L a p l a c e Trans fo rm of t h e i n p u t , Y ( s ) i s t h e L a p l a c e 
Trans fo rm of t h e o u t p u t , and H( s ) t h e sys t em t r a n s f e r f u n c t i o n . The 
i n p u t - o u t p u t r e l a t i o n f o r such a r e p r e s e n t a t i o n t a k e s t h e form 
A 
Y ( s ) = H ( s ) X ( s ) . " ( 2 ) 
I t w i l l be t a c i t l y assumed i n t h i s r e p r e s e n t a t i o n t h a t t h e s y s t e m 
i s t i m e - i n v a r i a n t . T h i s amounts t o s a y i n g t h a t t h e s y s t e m p a r a m e t e r s 
a r e c o n s t a n t . 
The r e l a t i o n g i v e n i n E q u a t i o n ( 2 ) e s t a b l i s h e s an i m p o r t a n t way 
of t h i n k i n g a b o u t l i n e a r s y s t e m s . One r e c o g n i z e s E q u a t i o n ( 2 ) a s t h e 
r e l a t i o n s h i p which e x p r e s s e s t h e o u t p u t y a s t h e c o n v o l u t i o n of t h e 
A c e r t a i n b a s i c f a m i l i a r i t y w i t h t h i s r e p r e s e n t a t i o n i s 
a s sumed . A b a c k g r o u n d f o r t h i s d i s c u s s i o n w i l l be found i n any of t h e 
r e f e r e n c e s i n t h e B i b l i o g r a p h y d e a l i n g w i t h l i n e a r s y s t e m s . 
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f u n c t i o n h and t h e i n p u t x . T h a t i s , t h e i n v e r s e t r a n s f o r m of E q u a t i o n 
( 2 ) i s 
CO 
y ( t ) = / x ( i ) h ( t - T ) d T * " . ( 3 ) 
— CO 
The f u n c t i o n h i s t h e i n v e r s e t r a n s f o r m of t h e s y s t e m t r a n s f e r f u n c t i o n 
H( s ) and i s c a l l e d t h e s y s t e m i m p u l s e r e s p o n s e o r w e i g h t i n g f u n c t i o n . 
The r e l a t i o n s h i p i n E q u a t i o n ( 3 ) e x p r e s s e s t h e i m p o r t a n t f a c t t h a t f o r 
l i n e a r s y s t e m s a knowledge of t h e s y s t e m w e i g h t i n g f u n c t i o n e n a b l e s one 
t o f i n d t h e r e s p o n s e of t h e s y s t e m t o any s p e c i f i c i n p u t x . Hence i n a 
s e n s e t h e l i n e a r s y s t e m i s c o m p l e t e l y c h a r a c t e r i z e d by i t s w e i g h t i n g 
f u n c t i o n o r e q u i v a l e n t l y by i t s t r a n s f e r f u n c t i o n , H ( s ) . 
The c o n c e p t s of memory and memory l e n g t h a r e i n g e n e r a l p h y s i c a l 
c o n c e p t s . Hence , i n o r d e r t o r e l a t e t h e s e c o n c e p t s t o a t r a n s f e r 
s y s t e m , some a s s u m p t i o n s a b o u t t h e s y s t e m t r a n s f e r f u n c t i o n s h o u l d be 
made which w i l l i n s u r e t h a t i t i s p o s s i b l e p h y s i c a l l y . T h i s can be 
done by assuming t h a t t h e t r a n s f e r f u n c t i o n i s b o t h p h y s i c a l l y 
r e a l i z a b l e and s t a b l e . T h i s amounts t o making two a s s u m p t i o n s , one 
abou t t h e sys t em i m p u l s e r e s p o n s e f u n c t i o n and t h e o t h e r abou t t h e 
s y s t e m t r a n s f e r f u n c t i o n . 
A ( l i n e a r ) s y s t e m i s s a i d t o be p h y s i c a l l y r e a l i z a b l e i f i t s 
i m p u l s e r e s p o n s e f u n c t i o n i s r e a l f o r p o s i t i v e t i m e and z e r o f o r n e g a ­
t i v e t i m e . T h i s i s a n o t h e r way of s a y i n g t h a t t h e s y s t e m does n o t r e a c t 
t o i n p u t s i t h a s n o t r e c e i v e d . For a c t u a l r e a l w o r l d s y s t e m s t h i s i s 
A 
T h i s r e l a t i o n s h i p i s somet imes e x p r e s s e d i n t e r m s of t h e c o n ­
v o l u t i o n o p e r a t o r * a s y = x^h . 
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t h e c a s e , and h e n c e from a p h y s i c a l s t a n d p o i n t such an a s s u m p t i o n i s 
j u s t i f i e d . 
The o t h e r a s s u m p t i o n r e l a t i n g t o t h e s t a b i l i t y of a s y s t e m i s 
of e q u a l i m p o r t a n c e and i s s t a t e d as f o l l o w s : A ( l i n e a r ) s y s t e m i s 
s t a b l e i f i t s t r a n s f e r f u n c t i o n h a s no p o l e s i n t h e r i g h t - h a l f s - p l a n e 
o r on t h e i m a g i n a r y a x i s . I t i s o t h e r w i s e u n s t a b l e . 
As a consequence of t h i s d e f i n i t i o n i t f o l l o w s t h a t t h e s y s t e m 
i m p u l s e r e s p o n s e f u n c t i o n must a p p r o a c h z e r o a t t-*°°. T h i s f a c t i s 
shown e a s i l y u s i n g t h e f i n a l - v a l u e t h e o r e m , 
l i m h ( t ) = l i m s H ( s ) . 
t->°° s->0 
S ince t h e d e f i n i t i o n of s t a b i l i t y h a s e x c l u d e d t h e p o s s i b i l i t y of a p o l e 
a t t h e o r i g i n , t h e v a l u e of t h i s l i m i t must be z e r o , i . e . 
l i m h ( t ) = 0 . 
t-x» 
From t h e s e two d e f i n i t i o n s i t f o l l o w s t h a t t h e r e l a t i o n s h i p 
e x p r e s s e d i n E q u a t i o n ( 3 ) f o r t i m e - i n v a r i a n t , p h y s i c a l l y r e a l i z a b l e , 
s t a b l e s y s t e m s w i t h i n p u t x a p p l i e d a t t i m e 0 i s g i v e n by 
t 
y ( t ) = / x ( x ) h ( t - T ) d T . ( 4 ) 
o 
T h i s d e f i n i t i o n of s t a b i l i t y i s somewhat more r e s t r i c t i v e t h a n 
i s g e n e r a l l y u s e d . In many c a s e s s y s t e m s w i t h p o l e s on t h e i m a g i n a r y 
a x i s a r e c l a s s i f i e d a s s t a b l e . In t h i s i n v e s t i g a t i o n , h o w e v e r , t h e 
mean ing of s t a b i l i t y w i l l be t h e one g i v e n h e r e . 
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Th i s r e l a t i o n s h i p s t a t e s t h a t t h e o u t p u t y ( t ) of a l i n e a r s y s t e m i s a 
w e i g h t e d c o m b i n a t i o n of t h e i n p u t s on t h e i n t e r v a l [ 0 , t ] . For a s t a b l e 
s y s t e m t h i s w e i g h t i n g i s one which d e c r e a s e s w i t h t i m e ; o r , p u t a n o t h e r 
way , f o r a s t a b l e s y s t e m p a s t i n p u t s assume l e s s and l e s s i m p o r t a n c e a s 
t i m e p a s s e s . T h i s c o n c e p t i s i l l u s t r a t e d i n F i g u r e 3 u s i n g t h e s y s t e m 
w e i g h t i n g f u n c t i o n . 
The above s t a t e m e n t s make c l e a r t h e c o n c e p t of memory f o r l i n e a r 
s y s t e m s . T h i s meaning i s e s s e n t i a l l y g i v e n by t h e c o n v o l u t i o n i n t e g r a l 
i n E q u a t i o n ( 4 ) . The o u t p u t y ( t ) of t h e s y s t e m depends on t h e i n p u t s 
t o t h e s y s t e m o v e r t h e " p a s t " i n t e r v a l [ 0 , t ] i n a way which i s com­
p l e t e l y d e t e r m i n e d by t h e s y s t e m w e i g h t i n g f u n c t i o n h . The a s s u m p t i o n 
of a s t a b l e sy s t em i n s u r e s t h a t t h e s y s t e m f o r g e t s . A l l memory t y p e 
s y s t e m s e x h i b i t t h i s c h a r a c t e r i s t i c , and i n g e n e r a l , i t i s t h i s p r o p e r t y 
which g i v e s meaning t o t h e n o t i o n of memory l e n g t h and t h e m e a s u r e s of 
memory l e n g t h d e f i n e d i n t h e n e x t s e c t i o n . The c o n c e p t of memory l e n g t h 
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a t t h i s p o i n t s h o u l d be f a i r l y c l e a r . I t s h o u l d a l s o be e v i d e n t t h a t 
any measure of i t must be a f u n c t i o n of t h e s y s t e m w e i g h t i n g f u n c t i o n 
h . " 
P r o p o s e d Measures and Memory Length 
The two m e a s u r e s of memory l e n g t h w i t h which t h i s i n v e s t i g a t i o n 
i s c o n c e r n e d a r e d e f i n e d a s f o l l o w s : 
M = 
M2 
/ t | h ( t ) | d t 
0 
CO 
/ | h ( t ) | d t 
0 
/ t h ( t ) d t 
0 
oo 
/ h 2 ( t ) d t 
0 
( 5 ) 
With t h e s e m e a s u r e s d e f i n e d , a meaning of memory l e n g t h can be 
c l e a r l y s t a t e d . Obv ious ly | M | and M^ w i l l , i n g e n e r a l , g i v e some 
measure of t h e l e n g t h of t h e p e r i o d beyond which t h e w e i g h t i n g f u n c t i o n 
h does n o t d i f f e r i n any s i g n i f i c a n t f a s h i o n from z e r o . In t h i s i n v e s ­
t i g a t i o n , t h i s p e r i o d o r t ime i n t e r v a l w i l l be what i s meant by s y s t e m 
memory l e n g t h . I n t u i t i v e l y such an i n t e r v a l c o n c e p t i o n of memory l e n g t h 
i s r e a s o n a b l e , f o r i n t h i s i n t e r v a l a r e " c o n t a i n e d " t h o s e p a s t i n p u t s 
which most i n f l u e n c e t h e p r e s e n t o u t p u t . For many s y s t e m s , h o w e v e r , 
It 
For a more e x t e n d e d i n t r o d u c t i o n t o t h e memory c o n c e p t f o r 
l i n e a r s y s t e m s , one i s r e f e r r e d t o Brown and N i l s s o n [ 1 ] . 
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t h i s c o n c e p t i o n w i l l d i f f e r from t h e one d e f i n e d p r e v i o u s l y i n t e r m s 
of t h e p a r a m e t e r I. For s y s t e m s f o r which SL - +«> b o t h | M | and M , a s 
w e l l a s t h e i n t e r v a l t h e y m e a s u r e , w i l l i n g e n e r a l t a k e on f i n i t e 
v a l u e s . For o t h e r s y s t e m s f o r which I i s f i n i t e , | M | and a r e f i n i t e 
and i n some c a s e s , have t h e same v a l u e as £ . One n o t e s t h a t b o t h | M | 
and migh t be l o o k e d a t as measu re s of c e n t r a l t e n d e n c y i n t h e w e i g h t ­
i n g f u n c t i o n . Both measu re s have been a p p r o p r i a t e l y m o d i f i e d t o be 
v a l i d f o r w e i g h t i n g f u n c t i o n s which t a k e on b o t h p o s i t i v e and n e g a t i v e 
v a l u e s . What migh t n o t be c l e a r , h o w e v e r , i s w h i c h , i f e i t h e r , of t h e s e 
measu re s i s a b e t t e r measure of memory l e n g t h . The d e t e r m i n a t i o n of 
t h i s f a c t i s one of t h e s u b j e c t s of t h i s i n v e s t i g a t i o n . 
P r e s e n t I n v e s t i g a t i o n 
O b j e c t i v e and P u r p o s e 
E q u a t i o n s ( 5 ) d e f i n e two m e a s u r e s of l i n e a r s y s t e m memory l e n g t h . 
I t i s o b v i o u s t h a t any a t t e m p t t o c l a s s i f y o r compare s y s t e m s must be 
done on t h e b a s i s of one o r t h e o t h e r of t h e s e m e a s u r e s . I t would be 
i n c o r r e c t t o compare two s y s t e m s u s i n g | M | f o r one s y s t e m and f o r 
t h e o t h e r . Some a t t e m p t s h o u l d be made t o e v a l u a t e | M | and on t h e 
b a s i s of how w e l l each measu re s memory l e n g t h . 
The p r i m a r y o b j e c t i v e of t h i s i n v e s t i g a t i o n i s t o make such an 
e v a l u a t i o n of |M| and M . Secondary o b j e c t i v e s i n c l u d e t h e d e r i v a t i o n 
of some f o r m u l a s u s e f u l f o r e v a l u a t i n g | M | and i n r e l a t i o n t o 
s p e c i f i c s y s t e m s and p o i n t i n g o u t some memory c h a r a c t e r i s t i c s which 
t h e s e f o r m u l a s b r i n g t o a t t e n t i o n . The p u r p o s e of t h e i n v e s t i g a t i o n i s 
t o f u r n i s h some r e s u l t s which w i l l be u s e f u l i n c l a s s i f y i n g ( o r com­
p a r i n g ) l i n e a r s y s t e m s . 
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Method of I n v e s t i g a t i o n 
To make t h e e v a l u a t i o n of | M | and M^, c e r t a i n c r i t e r i a and r e l a ­
t i o n s h i p s a r e e s t a b l i s h e d . The f o r m u l a s f o r | M | and M^ w i t h r e s p e c t t o 
c e r t a i n s y s t e m s (composed i n g e n e r a l of c a s c a d e and p a r a l l e l s y s t e m 
c o m b i n a t i o n s ) a r e t h e n u s e d t o d e t e r m i n e w h e t h e r t h e s e c r i t e r i a and 
r e l a t i o n s h i p s a r e m e t . For some of t h e b a s i c s y s t e m s c o m p a r i s o n s w i t h 
r e s u l t s found i n t h e l i t e r a t u r e a r e a l s o made. A l l s y s t e m s a r e r e p r e ­
s e n t e d by t h e i r t r a n s f e r f u n c t i o n o r i n some c a s e s s i m p l y by an e q u i v a ­
l e n t b l o c k d i a g r a m . These t r a n s f e r f u n c t i o n s a r e t h o s e which g e n e r a l l y 
a r i s e from s y s t e m s d e s c r i b e d by l i n e a r c o n s t a n t c o e f f i c i e n t d i f f e r e n ­
t i a l e q u a t i o n s . O the r t y p e s of s y s t e m s ( o r models of s y s t e m s ) migh t 
have b e e n c o n s i d e r e d , b u t t h e s e a l l o w f o r t h e n e c e s s a r y e v a l u a t i o n and 
a l s o p r o v i d e u s e f u l f o r m u l a s . For c e r t a i n of t h e more c o m p l i c a t e d 
n o n d i m e n s i o n a l forms of | M | and M2 compute r e v a l u a t i o n s were made. 
Form of R e s u l t s 
The r e s u l t s of t h e e v a l u a t i o n a p p e a r p r i m a r i l y i n g r a p h i c a l 
fo rm. Any f o r m u l a s p r e s e n t e d a r e s t a t e d i n as c o n c i s e a form a s p o s s i ­
b l e . The r e s u l t s of computer e v a l u a t i o n a p p e a r i n t a b l e fo rm. 
Scope and L i m i t a t i o n s 
The g e n e r a l p r o c e d u r e used t o o b t a i n t h e f o r m u l a r e s u l t s i s 
a p p l i c a b l e t o t h e t y p e s y s t e m s c o n s i d e r e d i n t h i s i n v e s t i g a t i o n . Fo r 
h i g h e r o r d e r s y s t e m s , h o w e v e r , t h e d e r i v a t i o n s become i n c r e a s i n g l y 
complex ; and i n t h i s s e n s e , t h e p r o c e d u r e i s l i m i t e d . The r e s u l t s 
o b t a i n e d can b e g e n e r a l i z e d t o a l l s y s t e m s whose i m p u l s e r e s p o n s e 
f u n c t i o n s have a s i m i l a r fo rm. The f o r m u l a r e s u l t s a r e of c o u r s e 
r e s t r i c t e d f o r u s e w i th s y s t e m s f o r which t h e y a r e d e r i v e d . 
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Assumpt ions 
In t h i s i n v e s t i g a t i o n a c e r t a i n f a m i l i a r i t y w i t h l i n e a r s y s t e m s 
and t h e i r a n a l y s i s i s a s sumed . No a t t e m p t h a s been made a t g i v i n g an 
e x p o s i t i o n of l i n e a r s y s t e m s beyond t h a t g i v e n i n t h e i n t r o d u c t i o n . 
Concep t s and n o t a t i o n p a r t i c u l a r t o t h i s t h e s i s , h o w e v e r , a r e p r e s e n t e d 
i n C h a p t e r I I I . 
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CHAPTER I I 
LITERATURE SURVEY 
A p p a r e n t l y v e r y l i t t l e a t t e n t i o n h a s been g i v e n t o t h e n o t i o n of 
sys t em memory l e n g t h . The on ly l i t e r a t u r e found t o be r e l e v a n t t o t h i s 
i n v e s t i g a t i o n c o n c e r n s i t s e l f w i t h m e a s u r e s of s y s t e m d e l a y and m e a s u r e s 
of s y s t e m p e r f o r m a n c e . As one might s u s p e c t , sy s t em memory i s i n t i ­
m a t e l y a s s o c i a t e d w i t h sys t em p e r f o r m a n c e . In g e n e r a l a s y s t e m w i t h 
l o n g memory w i l l e x p e r i e n c e l o n g d e l a y s and have a p o o r p e r f o r m a n c e , 
w h i l e a sys t em w i t h s h o r t memory w i l l have s h o r t d e l a y s and good p e r ­
f o r m a n c e . An i n t r o d u c t i o n t o t h e l i t e r a t u r e and c o n c e p t s a s s o c i a t e d 
w i th measu re s of s y s t e m d e l a y and p e r f o r m a n c e i s t h u s i n o r d e r . 
The l i t e r a t u r e d e a l i n g w i t h measu re s of sys t em d e l a y o r s y s t e m 
t i m e d e l a y i s n o t a s e x t e n s i v e a s t h a t r e l a t e d t o p e r f o r m a n c e m e a s u r e s 
and i s r e p o r t e d most f u l l y h e r e . P a r t of t h i s l i t e r a t u r e i s q u i t e s i g ­
n i f i c a n t and i s r e p o r t e d i n d e t a i l . 
The l i t e r a t u r e r e l a t e d t o p e r f o r m a n c e m e a s u r e s i s more e x t e n s i v e . 
For t h i s r e a s o n on ly c e r t a i n p a r t s of t h e more i m p o r t a n t works r e l e v a n t 
t o t h i s i n v e s t i g a t i o n a r e r e p o r t e d . P a r t s of t h i s l i t e r a t u r e a r e a l s o 
r e p o r t e d i n d e t a i l . 
System Delay 
E x p e r i m e n t a l l y t h e d e l a y of a sys t em i s d e f i n e d a s t h e t i m e which 
t h e s y s t e m t a k e s t o r e s p o n d t o 50 p e r c e n t of i t s f i n a l v a l u e a f t e r t h e 
a p p l i c a t i o n of a u n i t s t e p i n p u t U ( t ) . System d e l a y i s i m p o r t a n t i n i t s 
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r e l a t i o n t o s y s t e m r e s p o n s e o r r i s e t i m e . R i s e t i m e i s u s u a l l y d e f i n e d 
a s t h e t i m e i t t a k e s a s y s t e m t o r e s p o n d from 10 t o 90 p e r c e n t of i t s 
f i n a l v a l u e a f t e r t h e a p p l i c a t i o n of t h e s t e p i n p u t U ( t ) . Response t i m e 
i s an i m p o r t a n t c h a r a c t e r i z a t i o n of a s y s t e m , p a r t i c u l a r l y i n i t s r e l a ­
t i o n t o t h e s y s t e m ' s f r e q u e n c y r e s p o n s e . What i s n e e d e d , h o w e v e r , a r e 
d e f i n i t i o n s of d e l a y t i m e and r e s p o n s e t i m e which a r e u s e f u l i n computa ­
t i o n a l work . The e x p e r i m e n t a l d e f i n i t i o n s g i v e n above a r e u s e f u l i n t h e 
l a b o r a t o r y b u t a r e v e r y d i f f i c u l t t o u s e i n any t h e o r e t i c a l i n v e s t i g a ­
t i o n . 
Elmore [ 3 ] d i d t h e b a s i c work of f o r m u l a t i n g d e f i n i t i o n s of d e l a y 
t i m e and r i s e t i m e i n r e l a t i o n t o t h e sys t em i m p u l s e r e s p o n s e f u n c t i o n . 
T h i s work was d o n e , h o w e v e r , w i t h p a r t i c u l a r r e g a r d t o wideband a m p l i -
A 
f i e r s and c o n s i d e r i n g on ly n o n n e g a t i v e i m p u l s e r e s p o n s e f u n c t i o n s . 
Brown [ 2 ] c a r r i e d t h i s work a s t e p f u r t h e r by c o n s i d e r i n g i m p u l s e 
r e s p o n s e f u n c t i o n s which can assume b o t h p o s i t i v e and n e g a t i v e v a l u e s . 
His work i s more g e n e r a l and i s n o t r e s t r i c t e d t o any p a r t i c u l a r t y p e 
of s y s t e m . For t h i s r e a s o n i t i s h i s work which i s m a i n l y r e p o r t e d 
h e r e . 
F i g u r e 4 shows how t h e d e l a y t i m e and t h e r e s p o n s e t i m e of a 
s y s t e m a r e r e l a t e d t o i t s impu l se r e s p o n s e f u n c t i o n . Fo r monotone 
s y s t e m s , Brown s u g g e s t s ( w i t h E l m o r e ' s work i n mind , no d o u b t ) t h e 
f o l l o w i n g measures f o r t h e s e q u a n t i t i e s , r e s p e c t i v e l y : 
Such s y s t e m s a r e c a l l e d monotone s y s t e m s s i n c e t h e i r r e s p o n s e 
t o a s t e p i n p u t i s monotone i n c r e a s i n g . 
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F i g u r e 4 . Response Time and Delay 
t = 
/ t h ( t ) d t 
/ h ( t ) d t 
/ ( t - t ) 2 h ( t ) d t 
2 _ -cx, 
r -
00 
/ h ( t ) d t 
( 6 ) 
These a n a l y t i c a l d e f i n i t i o n s c o r r e s p o n d f a i r l y c l o s e l y w i t h t h e e x p e r i ­
m e n t a l d e f i n i t i o n s f o r most work . In t h e e v e n t t h a t t c o r r e s p o n d s t o 
t h e median of t h e d i s t r i b u t i o n of t h e i m p u l s e r e s p o n s e f u n c t i o n , t h e 
e x p e r i m e n t a l and a n a l y t i c a l d e f i n i t i o n s a g r e e e x a c t l y . T h i s f o l l o w s 
e a s i l y s i n c e t h e d e r i v a t i v e of t h e u n i t s t e p r e s p o n s e i s h ( t ) , and 50 
p e r c e n t of t h e "mass" of h l i e s on e i t h e r s i d e of t h e median p o i n t . 
The d e f i n i t i o n of s y s t e m r e s p o n s e t i m e i s n o t of p a r t i c u l a r 
15 
i m p o r t a n c e t o t h i s i n v e s t i g a t i o n ; i t i s on ly r e p o r t e d h e r e t o make c l e a r 
t h e u s e of d e l a y t i m e . However, f o r t h e c a s e of monotone s y s t e m s , t 
c o r r e s p o n d s t o t h e d e f i n i t i o n of memory l e n g t h | M | g i v e n i n E q u a t i o n s 
( 5 ) ; and some i m p o r t a n t r e s u l t s a r e g i v e n f o r t h i s c a s e . The f o l l o w i n g 
two r e s u l t s a r e g i v e n by Brown f o r d e l a y t i m e : 
( a ) I f H( s ) i s t h e s y s t e m t r a n s f e r f u n c t i o n f o r a monotone 
s y s t e m , t h e n 
t = - H ' ( 0 ) 
H(0) 
where 
= d H ( s l 
ds 
( b ) I f n monotone s y s t e m s a r e c a s c a d e d and each i n d i v i d u a l 
d e l a y i s g i v e n a s t , . . . , 1 : ^ , t h e n t h e d e l a y t f o r t h e 
o v e r - a l l s y s t e m i s g i v e n by 
n 
t = y t . . 
i = i 1 
R e s u l t ( a ) f o l l o w s e a s i l y from t h e f a c t t h a t 
C o r r e s p o n d i n g r e s u l t s were a l s o g i v e n f o r r e s p o n s e t i m e . Only 
t h e r e s u l t s f o r d e l a y t i m e a r e r e p o r t e d h e r e . 
16 
H(s ) = / e S t h ( t ) d t 
and 
H ' ( s ) = - / t e S t h ( t ) d t 
R e s u l t ( b ) i s p r o v e d by i n d u c t i o n u s i n g r e s u l t ( a ) . R e s u l t ( b ) 
i s c l e a r l y t r u e f o r t h e c a s e n = 1 . Fo r n > l l e t H . , . . . , H be t h e t r a n s -J 1 n n n - 1 
f e r f u n c t i o n s f o r t h e i n d i v i d u a l s y s t e m s : H = TT H. : and G = TT H. . l l 1 1 
Assume t h a t t h e r e s u l t i s t r u e f o r n - 1 , t h a t i s 
n - 1 - G ' ( 0 ) 
G(0) 
Now 
t = 
- H ' ( 0 ) 
H(0) and H = GH n 
I t f o l l o w s t h a t H' = G ?H + GH ' and hence 
n n 
t = -
G ' (0 )H ( 0 ) + G(0)H ' ( 0 ) n n 
G(0)H ( 0 ) n 
G<(0) + H n ' ( 0 ) 
G(0) H ( 0 ) n 
n - 1 _ n 
T t . + t = T t . , 
1J l n ? l 
17 
as was t o be shown. 
Thus f o r c a s c a d e d monotone s y s t e m s t h e i n d i v i d u a l s y s t e m d e l a y s 
add ; o r f o r t h i s i n v e s t i g a t i o n , f o r c a s c a d e d monotone s y s t e m s t h e i n d i ­
v i d u a l s y s t e m v a l u e s of | M | a d d . T h i s i s a s i g n i f i c a n t r e s u l t . Elmore 
a l s o p r o v e s i t and shows t h a t i f t h e o v e r - a l l n o r m a l i z e d s y s t e m t r a n s f e r 
f u n c t i o n h a s t h e form 
H ( s ) = 1 
n 
T a . s 1 + 1 
, i 
m 
J b . s 1 + 1 
1 1 
t h e n 
t = b i - a i • 
Brown e x t e n d s t h e d e f i n i t i o n s g i v e n i n E q u a t i o n s ( 6 ) t o c o n s i d e r 
2 
t h e r e s p o n s e t i m e f o r a r b i t r a r y s y s t e m s . I t i s e v i d e n t t h a t t and a as 
d e f i n e d i n E q u a t i o n s ( 6 ) w i l l n o t do f o r t h e c a s e where h ( t ) t a k e s on 
b o t h p o s i t i v e and n e g a t i v e v a l u e s . The two e x t e n s i o n s which Brown makes 
2 2 
u s e | h | and | h | ( o r | h | and h f o r r e a l - v a l u e d h ) i n p l a c e of h g i v e n 
i n ( 6 ) . T h i s makes t h e d e f i n i t i o n of d e l a y t i m e t h e same as t h e d e f i ­
n i t i o n g i v e n i n E q u a t i o n s ( 5 ) f o r memory l e n g t h . Brown, h o w e v e r , 
i m m e d i a t e l y d i s c a r d s | h | a s b e i n g t o o d i f f i c u l t t o work w i t h . F o r 
a r b i t r a r y s y s t e m s t h e n r e s p o n s e t i m e and d e l a y t i m e a r e d e f i n e d as 
CO 
r,2 2 _ a = 
/ ( t - t r | h ( t ) T d t 
/ | h ( t ) | 2 d t 
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00 
/ t | h ( t ) | 2 d t 
— 00 t = 
00 
/ | h ( t ) | 2 d t 
—00 
Brown 's main c o n c e r n i s w i t h s y s t e m r e s p o n s e t i m e . He a d m i t s t h a t t h e r e 
does n o t seem t o e x i s t any r e s u l t s i n t h e a r b i t r a r y c a s e s i m i l a r t o t h e 
r e s u l t s ( a ) and ( b ) f o r monotone s y s t e m s . He assumes t = 0 and c o n -
2 
t m u e s h i s a n a l y s i s w i t h a . T h i s a n a l y s i s i s n o t r e l e v a n t t o t h i s 
i n v e s t i g a t i o n and i s n o t r e p o r t e d h e r e . 
Due t o t h e c l o s e a s s o c i a t i o n b e t w e e n t h e memory l e n g t h and t i m e 
d e l a y of a s y s t e m , i t w i l l be of i n t e r e s t t o b r i e f l y c i t e s e v e r a l o t h e r 
d e f i n i t i o n s of t i m e d e l a y f o r l i n e a r s y s t e m s . These d e f i n i t i o n s , how­
e v e r , have o n l y a p a s s i n g i n t e r e s t s i n c e i n g e n e r a l t h e y depend n o t o n l y 
on c h a r a c t e r i s t i c s of t h e s y s t e m , b u t a l s o on c h a r a c t e r i s t i c s of t h e 
i n p u t s i g n a l , an u n d e s i r a b l e p r o p e r t y of any measure which migh t be u s e d 
t o c l a s s i f y o r compare s y s t e m s . F o r a l i n e a r s y s t e m w i t h s y s t e m f u n c ­
t i o n g i v e n by 
H(jto) = A(to)e - j6(co) 
P a p o u l i s [ 4 ] d e f i n e s t h e group and phase d e l a y , r e s p e c t i v e l y , a s 
f o l l o w s : 
d9(oj) 
doo 
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t .M - °™ . 
ph oo 
These t e r m s a r e u s e d t o d e s c r i b e t h e d e l a y of v a r i o u s p a r t s of a s i g n a l 
as i t p a s s e s t h r o u g h a l i n e a r s y s t e m . To be m e a n i n g f u l , h o w e v e r , t h e y 
depend upon a l i n e a r p h a s e c h a r a c t e r i s t i c and a c o n s t a n t a m p l i t u d e of 
t h e s y s t e m i n t h e f r e q u e n c y r a n g e of t h e i n p u t s i g n a l . 
Simpson [ 5 ] d e f i n e s a n o t h e r way of m e a s u r i n g t h e t i m e d e l a y of 
a sy s t em which m i n i m i z e s t h e m e a n - s q u a r e e r r o r b e t w e e n i n p u t and o u t p u t 
s i g n a l s . T h i s d i s t o r t i o n e r r o r i s d e f i n e d a s 
D ( T ) = l i m 
T-x» 
T 
^ J C y ( t ) - x ( t - T ) ] 2 d t 2T m -T 
where x ( t ) i s t h e s y s t e m i n p u t and y ( t ) t h e s y s t e m o u t p u t . By s q u a r i n g 
t h e i n t e g r a n d and i d e n t i f y i n g a p p r o p r i a t e c o r r e l a t i o n f u n c t i o n s , an 
e x p r e s s i o n i s r e a c h e d which can be min imized w i t h r e s p e c t t o T . The 
v a l u e of T which makes D minimum i s t h e n t a k e n a s t h e a v e r a g e t i m e 
d e l a y of t h e s y s t e m . In t h i s c a s e , knowledge of s y s t e m i m p u l s e r e s p o n s e 
and i n p u t a u t o c o r r e l a t i o n f u n c t i o n s i s r e q u i r e d . 
Pe r fo rmance Measures 
Pe r fo rmance m e a s u r e s of t h e p a s t , p r e s e n t , and f u t u r e have been 
c o n v e n i e n t l y summarized by S c h u l t z and R i d e o u t [ 6 ] . These m e a s u r e s a r e 
i n g e n e r a l d e s i g n e d t o " m e a s u r e " how w e l l t h e a c t u a l r e s p o n s e of a g i v e n 
s y s t e m meets some d e s i r e d r e s p o n s e . Measures of p e r f o r m a n c e have b e e n 
d e f i n e d i n many w a y s , b u t t h o s e which a r e r e l e v a n t t o t h i s i n v e s t i g a t i o n 
20 
a r e t h o s e which S c h u l t z and R i d e o u t have c a l l e d p e r f o r m a n c e m e a s u r e s of 
t h e p a s t . 
These e a r l y p e r f o r m a n c e m e a s u r e s were i n g e n e r a l d e f i n e d f o r 
l i n e a r t r a n s f e r s y s t e m s and were b a s e d on i n t e g r a l s of t h e e r r o r f u n c ­
t i o n 
e ( t ) = x ( t ) - y ( t ) , 
where x ( t ) i s t h e i n p u t and y ( t ) t h e o u t p u t of t h e s y s t e m . S c h u l t z and 
R i d e o u t summarized t h e s e m e a s u r e s i n t h e form 
CO 
I = / F [ e ( t ) , t ] d t . ( 7 ) 
0 
The o n l y d i f f e r e n c e b e t w e e n one p e r f o r m a n c e measure and a n o t h e r was a 
d i f f e r e n c e i n t h e form of t h e f u n c t i o n F . Some of t h e most s t u d i e d 
i i i i 2 2 forms were | e | , t | e | , e , and t e . A sys t em was s a i d t o p e r f o r m i n an 
o p t i m a l manner o r was s a i d t o be t h e " b e s t " among many i f i t m i n i m i z e d 
t h e p a r t i c u l a r i n t e g r a l employed . Much of t h e l i t e r a t u r e d e a l s w i t h 
s t u d i e s which were made compar ing a number of t h e s e p e r f o r m a n c e m e a s u r e s 
on s y s t e m s which were s u b j e c t t o s t e p i n p u t s . V a l u e s of t h e i n t e g r a l s 
I were i n most c a s e s made on an a n a l o g c o m p u t e r , and good o r bad mea­
s u r e s of p e r f o r m a n c e were j u d g e d on t h e b a s i s of v a r i o u s c r i t e r i a . 
I t i s t o be n o t e d t h a t t h e p e r f o r m a n c e m e a s u r e s summarized i n 
E q u a t i o n ( 7 ) a r e v e r y c l o s e l y r e l a t e d t o t h e m e a s u r e s of memory l e n g t h 
| M | and M . I n f a c t , f o r a s y s t e m s u b j e c t t o a p u l s e i n p u t t h e forms 
• • 2 i i 2 . . 
t | e | and t e s i m p l y become t | h | and t h . T h u s , e x c e p t f o r a n o r m a l i z i n g 
21 
c o n s t a n t , | M | and a r e i n c l u d e d as p a s t p e r f o r m a n c e m e a s u r e s . Th i s 
i n v e s t i g a t i o n , h o w e v e r , w i l l c o n t i n u e t o r e f e r t o | M | and as m e a s u r e s 
of s y s t e m memory l e n g t h . 
A l l t h e i n v e s t i g a t i o n s of p a s t p e r f o r m a n c e m e a s u r e s e n c o u n t e r e d 
i n making t h i s l i t e r a t u r e s u r v e y u s e d s t e p i n p u t s , e x c e p t f o r one which 
u s e d a s q u a r e wave i n p u t . These i n v e s t i g a t i o n s were i n g e n e r a l c o n ­
c e r n e d on ly w i t h t h e minimum p o i n t s of t h e i n t e g r a l forms and w h e t h e r 
* 
o r n o t any p a r t i c u l a r form was s e l e c t i v e . C r e d i t o r d i s c r e d i t was a l s o 
g i v e n c e r t a i n forms f o r v a r i o u s r e a s o n s . From t h e p o i n t of view of t h i s 
i n v e s t i g a t i o n t h e minimum p o i n t s and t h e c r e d i t o r d i s c r e d i t of forms 
s i m i l a r t o | M | and a r e of i n t e r e s t . I n t h e l i t e r a t u r e r e p o r t e d h e r e 
t h i s i n f o r m a t i o n h a s b e e n i n c l u d e d a l o n g w i t h c e r t a i n o t h e r g r a p h i c a l 
and a n a l y t i c a l r e s u l t s . C o n s i d e r a b l e d u p l i c a t i o n among i n v e s t i g a t i o n s 
was a l s o f o u n d . F o r t h i s r e a s o n what i s s u r v e y e d h e r e h a s b e e n 
r e s t r i c t e d t o on ly a few of t h e o u t s t a n d i n g p a p e r s on p a s t p e r f o r m a n c e 
m e a s u r e s . 
H a l l [ 7 ] was one of t h e f i r s t t o u s e a p e r f o r m a n c e measure of 
t h e form g i v e n i n E q u a t i o n ( 7 ) . His work was done u s i n g t h e i n t e g r a l 
of s q u a r e e r r o r ( I S E ) , 
00 
I = / e 2 ( t ) d t . 
0 
T h i s i n v e s t i g a t i o n i s c i t e d h e r e p r i n c i p a l l y b e c a u s e i t c o n t a i n e d t h e 
* 
A p a r t i c u l a r i n t e g r a l form i s s e l e c t i v e i f g r a p h i c a l l y i t s c u r v e 
t a k e s on a s h a r p minimum. See f o r i n s t a n c e t h e minimum f o r t | e | i n 
F i g u r e 5 . 
ou .y r e p o r t e d a n a l y t i c a l r e s u l t s . For a s e c o n d - o r d e r sy s t em w i t h 
t r a n s f e r f u n c t i o n 
2 oo o 
2 2 s + 2Cco s + co o o 
t h e v a l u e of t h e ISE was found t o be 
T - _L 1 + 
co 
o 
where cô  i s t h e sy s t em n a t u r a l f r e q u e n c y and £ t h e s y s t e m damping r a t i o . 
For a f i x e d v a l u e of CJ , I was found t o have a minimum f o r L - 0 . 5 
o 
A n a l y t i c a l r e s u l t s were a l s o g i v e n f o r a t h i r d - o r d e r s y s t e m , b u t t h e s e 
r e s u l t s a r e complex and w i l l n o t be r e p o r t e d h e r e . 
A p a p e r of p a r t i c u l a r i m p o r t a n c e was by Graham and L a t h r o p [ f t ] . 
T h i s i n v e s t i g a t i o n was p r i m a r i l y c o n c e r n e d w i t h p e r f o r m a n c e m e a s u r e s 
as c r i t e r i a f o r d e v e l o p i n g s t a n d a r d f o r m s . A number of p e r f o r m a n c e 
measu re s of t h e form g i v e n i n E q u a t i o n ( 7 ) ; namely t h o s e a s s o c i a t e d 
i i 2 i i 2 2 2 2 i i w i t h e , t e , | e | , e , t | e | , t e , t e , and t | e | ; were i n v e s t i g a t e d w.i^:! 
r e s p e c t t o v a r i o u s l i n e a r s y s t e m s . No a n a l y t i c a l work was r e p o r t e d , 
and g r a p h i c a l p r e s e n t a t i o n s of r e s u l t s were o b t a i n e d by a n a l o g m e t h o d s . 
00 
Of p a r t i c u l a r i n t e r e s t was t h e f a c t t h a t t h e i n t e g r a l / t | e | d t , 
0 
known as t h e t i m e - m u l t i p l i e d a b s o l u t e - v a l u e of e r r o r (ITAE) c r i t e r i o n , 
was found t o have e x c e p t i o n a l m e r i t as a p e r f o r m a n c e m e a s u r e . T h i s was 
A s t a n d a r d form i s a s e t of v a l u e s f o r a s y s t e m ' s p a r a m e t e r s o r 
c o e f f i c i e n t s which d e f i n e i t i n some o p t i m a l f a s h i o n . 
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l a r g e l y due t o t h e f a c t t h a t i t was p a r t i c u l a r l y s e l e c t i v e and e a s y t o 
e v a l u a t e by a n a l o g m e a n s . A s e t of s t a n d a r d forms f o r s y s t e m s t h r o u g h 
t h e e i g h t h o r d e r was g e n e r a t e d u s i n g t h i s c r i t e r i o n . 
I m p o r t a n t a l s o was t h e f a c t t h a t t h e i n t e g r a l s a s s o c i a t e d w i t h 
2 2 2 21 i t e , t e , and t | e | were c o n s i d e r e d t o be d i f f i c u l t t o h a n d l e e i t h e r 
a n a l y t i c a l l y o r w i t h t h e a n a l o g computer and were d i s c a r d e d i n t h e 
i n v e s t i g a t i o n . 
One of t h e e x p e r i m e n t s c a r r i e d o u t by Graham and L a t h r o p i n v o l v e d 
t h e s e c o n d - o r d e r s y s t e m 
1 
s 2 + 2Cs + 1 
00 
and t h e c r i t e r i a / | e | d t and t h e ITAE. The sys t em was s u b j e c t t o a 
0 
s t e p i n p u t and t h e c r i t e r i a e v a l u a t e d and g r a p h i c a l l y p r e s e n t e d f o r 
v a r i o u s v a l u e s of t h e damping r a t i o £ . F i g u r e 5 i s a r e p r o d u c t i o n of 
t h e s e r e s u l t s . Of p a r t i c u l a r i m p o r t a n c e h e r e i s t h e f a c t t h a t t h e c r i ­
t e r i a minimum o c c u r r e d f o r £ 55 0 . 7 . 
S t i l l a n o t h e r r e s u l t r e l a t e d t o t h i s s e c o n d - o r d e r s y s t e m i n v o l v e d 
s o l u t i o n t i m e o r what i s somet imes c a l l e d s e t t l i n g t i m e . S o l u t i o n t i m e 
i s a l s o a measure of sy s t em p e r f o r m a n c e , and t h e r e l a t i o n s h i p be tween 
i t s v a l u e and t h o s e of o t h e r p e r f o r m a n c e m e a s u r e s i s i m p o r t a n t . F i v e 
p e r c e n t s o l u t i o n t i m e f o r t h e s e c o n d - o r d e r s y s t e m was c a l c u l a t e d f o r 
v a r i o u s v a l u e s of t h e damping r a t i o . These v a l u e s were found t o be 
S o l u t i o n t i m e o r s e t t l i n g t i m e i s d e f i n e d as t h e t i m e t a k e n by 
t h e o u t p u t of a s y s t e m t o r e a c h and r ema in w i t h i n a c e r t a i n p e r c e n t a g e 
of i t s f i n a l v a l u e . 
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F i g u r e 5 . C r i t e r i a f o r t h e S t e p - F u n c t i o n 
R e s p o n s e s of S e c o n d - O r d e r Systems 
g e n e r a l l y l a r g e f o r l a r g e and s m a l l v a l u e s of t h e damping r a t i o . I t s 
minimum v a l u e a l s o o c c u r r e d f o r £ ~ 0 . 7 . 
Ano the r i n v e s t i g a t i o n of i n t e r e s t was done by F i c k e i s e n and 
S t o u t [ 9 ] . T h i s i n v e s t i g a t i o n was c o n c e r n e d w i t h t h e p e r f o r m a n c e 
m e a s u r e s 
CO 00 
/ I e | d t and / e d t . 
0 0 
Analog methods were u s e d t o e v a l u a t e t h e s e measu res w i t h r e s p e c t t o a 
s e c o n d - o r d e r sy s t em s u b j e c t t o a s q u a r e wave i n p u t . These r e s u l t s were 
g r a p h i c a l l y p r e s e n t e d f o r v a r i o u s v a l u e s of t h e s y s t e m damping r a t i o . 
00 
A minimum f o r / | e | d t was found t o o c c u r f o r a v a l u e of t h e damping 
0 
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r a t i o n e a r 0 . 6 i n c o n t r a s t t o t h e v a l u e of a p p r o x i m a t e l y 0 .7 o b t a i n e d 
CO 
by Graham and L a t h r o p u s i n g a s t e p i n p u t . The minimum f o r / e d t 
0 
o c c u r r e d n e a r 0 . 5 i n ag reemen t w i t h H a l l ' s a n a l y t i c a l r e s u l t . 
R e s u l t s were a l s o o b t a i n e d f o r t h e t h i r d - o r d e r s y s t e m 
oo 2 o 
c s + 2too s + oo o o 
F o r t h i s p a r t i c u l a r s y s t e m i t was p o s s i b l e t o p l o t c o n t o u r s of c o n s t a n t 
v a l u e s of t h e p e r f o r m a n c e m e a s u r e s i n r e l a t i o n t o t h e s e c o n d - o r d e r 
s y s t e m damping r a t i o and t h e f r e q u e n c y r a t i o oo^/oo^. The d i a g r a m f o r t h e 
m e a n - s q u a r e e r r o r c r i t e r i o n i s p a r t i a l l y r e p r o d u c e d i n F i g u r e 6 . 
40 
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F i g u r e 6 . Mean Square E r r o r C o n t o u r s f o r a T h i r d - O r d e r 
Servomechanism as F u n c t i o n s of c and oo /oo 
c o 
26 
As w i l l be shown l a t e r i n C h a p t e r V, a d i ag ram s i m i l a r t o t h i s one can 
a l s o be c o n s t r u c t e d f o r M_. The d i ag ram of F i g u r e 6 s e r v e s as a p o i n t 
of c o m p a r i s o n . 
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CHAPTER I I I 
PRELIMINARY CONSIDERATIONS 
I n t r o d u c t i o n 
The p u r p o s e of t h i s c h a p t e r i s t o i n t r o d u c e c e r t a i n c r i t e r i a , 
c o n c e p t s , and n o t a t i o n n e c e s s a r y f o r t h e i n v e s t i g a t i o n of C h a p t e r IV 
and V. A l s o i n c l u d e d a r e c e r t a i n d e r i v a t i o n s of | M | and which a r e 
of p r e l i m i n a r y i m p o r t a n c e and which would n o t a p p r o p r i a t e l y f i t i n t h e 
r e m a i n d e r of t h i s i n v e s t i g a t i o n . No a t t e m p t h a s b e e n made t o make a l l 
t h e s e t o p i c s seem l o g i c a l l y r e l a t e d . In t h e main t h e y a r e n o t . Of 
p r i n c i p a l i m p o r t a n c e a r e t h e c r i t e r i a and o t h e r r e l a t i o n s h i p s which 
form t h e b a s i s f o r a l a r g e p a r t of t h i s i n v e s t i g a t i o n . 
C r i t e r i a and O t h e r R e l a t i o n s h i p s 
Suppose y were any measure of sy s t em memory l e n g t h . Then t h e r e 
a r e c e r t a i n b a s i c c r i t e r i a which might be r e a s o n a b l y r e q u i r e d of t h e 
m e a s u r e . These c r i t e r i a can be s t a t e d a s f o l l o w s : 
( i ) y = 0 , f o r a l l memoryless s y s t e m s ( £ = 0 ) . 
( i i ) y > 0 , f o r a l l memory t y p e s y s t e m s ( £ > 0 ) . 
( i i i ) y = T , f o r a p u r e d e l a y sys t em w i t h d e l a y t i m e e q u a l t o x . 
( i v ) [ y ] ( t h e d i m e n s i o n of y) = t i m e . 
In a d d i t i o n t o t h e s e b a s i c c r i t e r i a , t h e r e a r e c e r t a i n o t h e r r e l a t i o n ­
s h i p s which a r e of i n t e r e s t . For s y s t e m s combined i n c a s c a d e combina­
t i o n t h e a d d i t i v e p r o p e r t y would i n t u i t i v e l y seem t o a p p l y . 
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( v ) y = £ y ^ , where y^ i s t h e measure v a l u e f o r s y s t e m i and y 
t h e o v e r - a l l s y s t e m v a l u e . 
For s y s t e m s i n p a r a l l e l c o m b i n a t i o n a r e l a t i o n s h i p wor th i n v e s t i g a t i n g 
i s 
( v i ) y . < y < y , where y , y . a r e t h e maximum and m i n i -min max max min 
mum measure v a l u e s , r e s p e c t i v e l y , t a k e n o v e r a l l component 
s y s t e m s , and y a g a i n t h e o v e r - a l l s y s t e m v a l u e . 
An immedia te o b s e r v a t i o n i s t h a t | M | and M^, a s d e f i n e d by E q u a t i o n s 
( 5 ) , s a t i s f y c r i t e r i o n ( i v ) by d e f i n i t i o n . A l s o t h e r e s u l t s r e p o r t e d 
i n C h a p t e r I I showed t h a t , a s i n d i c a t e d by | M | , memory l e n g t h f o r mono­
t o n e s y s t e m s c a s c a d e d seems t o add i n a r e g u l a r f a s h i o n . I n t h i s 
i n v e s t i g a t i o n i t s h o u l d be k e p t i n mind t h a t v e r i f i c a t i o n of | M | and 
w i t h r e g a r d t o r e l a t i o n s h i p s ( v ) and ( v i ) w i l l be done more t o r e v e a l 
i n f o r m a t i o n c o n c e r n i n g memory l e n g t h t h a n f o r t h e p u r p o s e s of e v a l u a ­
t i o n . Whether o r n o t r e l a t i o n s h i p s ( v ) and ( v i ) h o l d t r u e depends b o t h 
on | M | , M^J and memory l e n g t h i t s e l f . In t h e r e m a i n d e r of t h i s i n v e s t i ­
g a t i o n , c r i t e r i a ( i ) - ( i i i ) , a s w e l l a s t h e r e l a t i o n s h i p s ( v ) and ( v i ) , 
w i l l be checked f o r | M | and whenever a p p r o p r i a t e and p o s s i b l e (of 
c o u r s e , such c h e c k i n g f o r | M | and r e l a t i o n s h i p ( v ) i s n o t n e c e s s a r y f o r 
monotone s y s t e m s ) . C r i t e r i o n ( i i i ) i s checked i n t h i s c h a p t e r , l e a v i n g 
o n l y c r i t e r i a ( i ) and ( i i ) f o r C h a p t e r s IV and V. In g e n e r a l c r i t e r i a 
( i ) and ( i i ) w i l l n o t be c i t e d f o r each s y s t e m i n v e s t i g a t e d , b u t w i l l 
be c i t e d o n l y when and i f a v i o l a t i o n o r n e a r v i o l a t i o n of e i t h e r o r 
b o t h c r i t e r i a o c c u r s . 
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P e r c e n t a g e P o i n t s 
Ano the r c o n s i d e r a t i o n which w i l l be u s e f u l i n making an e v a l u ­
a t i o n of | M | and M 2 , a t l e a s t f o r monotone s y s t e m s , i s c o n t a i n e d i n t h e 
i d e a of p e r c e n t a g e p o i n t s . I f a monotone s y s t e m were i n i t i a l l y a t r e s t 
and were t h e n s u b j e c t t o a u n i t s t e p i n p u t , one p o s s i b l e measure of 
memory l e n g t h would be t h e t ime t h e o u t p u t of t h e s y s t e m t o o k t o r e a c h 
a c e r t a i n f i x e d p e r c e n t a g e of i t s f i n a l v a l u e . T h i s i s a r e a s o n a b l e 
measure s i n c e c e r t a i n l y t h i s t i m e depends on t h a t p e r i o d beyond which 
t h e w e i g h t i n g f u n c t i o n does n o t d i f f e r s i g n i f i c a n t l y from z e r o . For 
t h e same s y s t e m i t t h u s f o l l o w s t h a t i t would be i n t e r e s t i n g t o d e t e r ­
mine what p e r c e n t a g e of t h e f i n a l v a l u e of t h e o u t p u t of t h e s y s t e m h a s 
A 
b e e n r e a c h e d when say |M| o r t i m e u n i t s have p a s s e d . I t i s t h e s e 
p e r c e n t a g e s which w i l l be r e f e r r e d t o i n t h e r e m a i n d e r of t h i s i n v e s t i ­
g a t i o n a s t h e p e r c e n t a g e p o i n t s of |M J o r M 2 > On f i r s t t h o u g h t i t 
would seem d e s i r a b l e t o f i n d t h a t t h e s e p e r c e n t a g e p o i n t s r e m a i n e d 
f a i r l y c o n s t a n t from s y s t e m t o s y s t e m a s w e l l a s f o r a l l v a r i a t i o n s i n 
t h e p a r a m e t e r s of any p a r t i c u l a r s y s t e m . I f t h i s were n o t t h e c a s e , 
some e x p l a n a t i o n s h o u l d be made. For a number of s i m p l e monotone 
s y s t e m s t h e s e p e r c e n t a g e p o i n t s have b e e n c a l c u l a t e d and compared . In 
a d d i t i o n t o d i s c l o s i n g t h e a c t u a l v a l u e of t h e s e p o i n t s , t h e s e c a l c u l a ­
t i o n s a l s o show an i n t e r e s t i n g c o n s i s t e n c y . 
To f u r t h e r d e f i n e t h e s e p o i n t s and t o i n t r o d u c e some n o t a t i o n , 
l e t A ( t ) be t h e r e s p o n s e of a monotone s y s t e m t o a u n i t s t e p i n p u t . 
R e c a l l t h a t i n t h e l i t e r a t u r e r e p o r t e d i n C h a p t e r I I , Brown [ 2 ] 
d e f i n e d ]M| a s a measure of sy s t em d e l a y o r a measure of t h e 50 p e r 
c e n t p o i n t of a s y s t e m . 
\ 
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Then t h e p e r c e n t a g e p o i n t s of M and a r e r e s p e c t i v e l y d e f i n e d as 
% |M| = M | 4 l K 100 
1 1 A(°°) 
A(M ) 
% M 2 = i ^ r x 1 0 0 ' 
where 
A O ) = l i m A ( t ) ^ 0 
Nond imens iona l Time 
The u s e of n o n d i m e n s i o n a l t i m e w i l l be e x t r e m e l y h e l p f u l i n t h i s 
i n v e s t i g a t i o n f o r compar ing and p r e s e n t i n g v a r i o u s t i m e - r e l a t e d q u a n t i ­
t i e s , i n c l u d i n g p e r c e n t a g e p o i n t s . Th i s c o n c e p t i s n o t p a r t i c u l a r l y 
c o m p l i c a t e d ; b u t due t o i t s a l m o s t u n i v e r s a l a p p l i c a t i o n t o t h e t y p e 
of s y s t e m s c o n s i d e r e d i n t h i s i n v e s t i g a t i o n , some m e n t i o n of i t i s made 
h e r e . I t s u s e f u l n e s s s t ems p r i m a r i l y from t h e f a c t t h a t i t r e d u c e s t h e 
number of p a r a m e t e r s n e c e s s a r y t o c h a r a c t e r i z e a s y s t e m by o n e . I t 
f o l l o w s t h a t i t t h e r e f o r e a l s o r e d u c e s t h e number of p a r a m e t e r s n e c e s ­
s a r y t o e x p r e s s ]MJ o r by o n e . Tha t i s , i f | M | and M f o r any p a r ­
t i c u l a r s y s t e m a r e e x p r e s s e d a s f u n c t i o n s of n p a r a m e t e r s ; n o r m a l l y 
t i m e c o n s t a n t s , n a t u r a l f r e q u e n c i e s , and damping r a t i o s ; 
Mil 
> = F ( a . " - . a ) 
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t h e n i t i s a lways p o s s i b l e t o r e d u c e t h e d imens ion of t h e p r o b l e m by 
o n e , e x p r e s s i n g | M | and i n t e r m s of n - 1 p a r a m e t e r s , 
M /T 
M 0 /T 
= F ( a l ' " - ' a n - i ) 
o r 
M 10 
M̂LO 
2 
= F ( a l ' - ' - ' a n - l ) 
These forms of | M | and a l o n g w i t h t h e p a r a m e t e r s a ^ ' " * ' ' a n - l a r e 
a l s o d i m e n s i o n l e s s . As w i l l be d e m o n s t r a t e d i n C h a p t e r IV and V, t h e 
p rob lem i n n - 1 d i m e n s i o n s makes p o s s i b l e c o m p a r i s o n s and e v a l u a t i o n s of 
| M | and which c o u l d n o t o t h e r w i s e have been made. O b v i o u s l y , how­
e v e r , i f n i s l a r g e , a r e d u c t i o n i n t h e d i m e n s i o n of t h e p r o b l e m by one 
i s of no g r e a t a d v a n t a g e . The g r e a t e s t a d v a n t a g e i s o b t a i n e d when 
n = l , 2 , and 3 . 
System E v a l u a t i o n s 
At t h i s p o i n t a check of | M | and H w i l l be made w i t h r e s p e c t t o 
two s y s t e m s which do n o t a p p r o p r i a t e l y b e l o n g i n e i t h e r C h a p t e r s IV o r 
V. The f i r s t s y s t e m i s t h e p u r e d e l a y s y s t e m of c r i t e r i o n ( i i i ) g i v e n 
a b o v e , and t h e s econd a " p e r f e c t memory" s y s t e m . The memory l e n g t h of 
each of t h e s e s y s t e m s i s o b v i o u s , and t h u s what t h e v a l u e s of | M | and 
M2 a r e i n t h e s e c a s e s i s i m p o r t a n t . 
32 
F i r s t , c o n s i d e r a p u r e d e l a y s y s t e m d e f i n e d a s f o l l o w s . For 
i n p u t x ( t ) and o u t p u t y ( t ) 
t 
y ( t ) = / x ( z ) 6 ( t - T - z ) d z 
0 
= X ( t - T ) , 
where t > T > 0 . 6 ( t ) i s t h e u n i t p u l s e f u n c t i o n and i s d e f i n e d such 
t h a t 
/ 6 ( t - T ) d t = 1.0 
/ f ( t ) 6 ( t - T ) d t = f ( x ) . 
= T . 
T h u s , i t i s e a s y t o s e e t h a t 
/ t 6 ( t - T ) d t 
|N| -°-
I I CO 
/ 6 ( t - T ) d t 
0 
2 
With some c o n s i d e r a t i o n f o r what i s meant by 6 ( t ) , which w i l l n o t be 
* 
t a k e n up h e r e , i t i s a l s o e a s y t o show t h a t 
« 2 , 2 - 2 t / T 
One p o s s i b l e way t o d e f i n e <5 ( t ) i s by l i m 1/T e . U s i n g 
T-K) 
t h i s d e f i n i t i o n i t can be shown ( e a s i l y ) t h a t M = T . 
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M2 = T. 
Thus c r i t e r i o n ( i i i ) i s s a t i s f i e d by b o t h | M | and M . A l s o i n t h i s 
c a s e n o t e t h a t t h e v a l u e f o r | M | and e q u a l s t h e memory l e n g t h of t h e 
s y s t e m a s d e f i n e d i n C h a p t e r I i n t e r m s of t h e p a r a m e t e r £ , £ = T i n t h i s 
c a s e . 
The " p e r f e c t memory" s y s t e m i s d e f i n e d by i t s w e i g h t i n g f u n c t i o n 
o r i t s t r a n s f e r f u n c t i o n 
i -Ls 
H( s ) = 1 V 
I t i s o b v i o u s i n t h i s c a s e t h a t memory l e n g t h e q u a l s L. | M | and i n 
t h i s c a s e , howeve r , a r e b o t h L / 2 . 
A b s o l u t e l y Symmetr ic W e i g h t i n g F u n c t i o n s 
Both of t h e p r e v i o u s s y s t e m s had w e i g h t i n g f u n c t i o n s which were 
s y m m e t r i c , and i n b o t h c a s e s | M | and M2 were e q u a l and e q u a l t o t h e 
p o i n t of symmetry . T h i s r e s u l t can be e x t e n d e d and g e n e r a l i z e d t o 
i n c l u d e t h o s e s y s t e m s whose w e i g h t i n g f u n c t i o n s a r e a b s o l u t e l y 
s y m m e t r i c . 
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A f u n c t i o n h ( t ) i s s a i d t o be a b s o l u t e l y s y m m e t r i c a b o u t a 
p o i n t a i f 
| h ( a - t ) | = | h ( a + t ) | 
f o r a l l t > 0 . For a b s o l u t e l y symmet r i c w e i g h t i n g f u n c t i o n s symmet r i c 
a b o u t some p o i n t a>0 , | M | = = a . To show t h i s , n o t e t h a t 
CO CO CO 
/ ( a - t ) | h ( t ) | d t = 0 = a / | h ( t ) | d t - / t | h ( t ) | d t 
0 0 0 
o r 
CO CO 
/ t | h ( t ) | d t = a / | h ( t ) | d t 
0 0 
I I * 2 
and t h u s |M| = a . A s i m i l a r a rgument can a l s o be g i v e n f o r h ( t ) , 
showing t h a t = a . T h i s r e s u l t w i l l be u s e d l a t e r i n C h a p t e r V. 
N o t a t i o n 
To c o n c l u d e t h i s c h a p t e r a f u r t h e r n o t e on n o t a t i o n w i l l be made. 
On o c c a s i o n when r e f e r e n c e t o b o t h | M | and i s t o be made on an e q u a l 
b a s i s , t h e symbol M w i l l be u s e d t o s t a n d f o r | M | and M . T h i s n o t a t i o n 
w i l l b e u s e d m a i n l y i n g r a p h s and o t h e r p l a c e s where s p a c e i s l i m i t e d . 
Obvious e x t e n s i o n s of t h i s i n t h e forms % M and oo M w i l l a l s o be o c c a -
n 
s i o n a l l y u s e d . 
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CHAPTER IV 
FIRST AND SECOND-ORDER SYSTEMS 
I n t r o d u c t i o n 
In t h i s c h a p t e r | M | and M^ a r e s t u d i e d i n r e l a t i o n t o f i r s t - and 
s e c o n d - o r d e r s y s t e m s . A c o n s i d e r a t i o n of t h e s e s y s t e m s i s i m p o r t a n t 
f o r t h r e e r e a s o n s . F i r s t , t h e v a l u e s f o r | M | and M2 i n t h i s c a s e a r e 
s i m p l e ; and t h u s some e v a l u a t i o n of t h e s e measu re s can be e a s i l y 
o b t a i n e d . S e c o n d l y , many s y s t e m s a r e by n a t u r e f i r s t - o r s e c o n d - o r d e r 
s y s t e m s . The v a l u e s of | M | and M2 f o r t h e s e sys t ems a r e t h u s i m p o r t a n t . 
And t h i r d l y , f i r s t - and s e c o n d - o r d e r s y s t e m s form t h e i n d i v i s i b l e b u i l d ­
i n g b l o c k s of h i g h e r - o r d e r s y s t e m s . Fo r t h i s r e a s o n , t h e s e s y s t e m s a r e 
p r o p e r l y c o n s i d e r e d b e f o r e t h e h i g h e r - o r d e r s y s t e m s i n t h e n e x t c h a p t e r . 
The r e s u l t s g i v e n h e r e f o r t h e f i r s t - o r d e r sys t em a r e g i v e n p r i ­
m a r i l y f o r t h e second and t h i r d of t h e above r e a s o n s . Only a s m a l l 
amount of e v a l u a t i o n i s i n c l u d e d . 
The r e s u l t s f o r t h e s e c o n d - o r d e r s y s t e m on t h e o t h e r hand a r e 
g i v e n p r i m a r i l y f o r t h e f i r s t and second r e a s o n s . E v a l u a t i o n s a r e 
o b t a i n e d by compar i son w i t h t h e r e s u l t s r e p o r t e d i n t h e l i t e r a t u r e 
c i t e d i n C h a p t e r I I . An example s e c o n d - o r d e r s y s t e m i s a l s o i n c l u d e d . 
In k e e p i n g w i t h a g e n e r a l p a t t e r n , t h e f i r s t - and s e c o n d - o r d e r 
s y s t e m s c o n s i d e r e d i n t h i s c h a p t e r a r e d e f i n e d by t h e i r t r a n s f e r f u n c ­
t i o n s and e q u i v a l e n t l y by t h e i r w e i g h t i n g f u n c t i o n . To f u r t h e r i d e n t i f y 
t h e s y s t e m s , t h e i r p o l e l o c a t i o n s a r e a l s o s p e c i f i e d . 
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F i r s t - O r d e r Systems 
1 
sT+1 
F i g u r e 7 . F i r s t - O r d e r System 
The f i r s t - o r d e r s y s t e m i s one of t h e s i m p l e s t s y s t e m s c o n s i d e r e d 
i n t h i s i n v e s t i g a t i o n . I t i s d e f i n e d by i t s t r a n s f e r f u n c t i o n 
H(s ) = 
sT + 1 
o r e q u i v a l e n t l y by i t s w e i g h t i n g f u n c t i o n 
r i / T e t / T , t>0 
h ( t ) = / 
t<0 
The s y s t e m i s s t r i c t l y monotone ( h ( t ) > 0 ) f o r a l l v a l u e s of t h e p a r a m e t e r 
T>0 and i s c h a r a c t e r i z e d by a s i n g l e p o l e l o c a t e d on t h e r e a l a x i s a t 
- 1 / T . 
Examples of f i r s t - o r d e r s y s t e m s i n c l u d e a l l t h o s e which can be 
d e s c r i b e d by an o r d i n a r y f i r s t - o r d e r d i f f e r e n t i a l e q u a t i o n . The 
m e c h a n i c a l s p r i n g - d a s h p o t s y s t e m o r t h e s i m p l e RC e l e c t r i c a l ne twork 
a r e common e x a m p l e s . G e n e r a l l y t h e s e s y s t e m s a r e s i m p l y r e p r e s e n t e d i n 
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t h e b l o c k d iagram form of F i g u r e 7 , which i s o f t e n r e f e r r e d t o a s a 
t i m e - c o n s t a n t b l o c k . 
S ince t h e w e i g h t i n g f u n c t i o n i n t h i s c a s e i s s i m p l e and n o n -
n e g a t i v e , t h e d e r i v a t i o n of | M | and i s p a r t i c u l a r l y e a s y , g i v i n g 
k ! t e " t / T d t 
1 H(0) 
1 f - t / T ^4-
7f J e d t T 0 
and 
l j t . - 2 t / T 
2 , - e d t 
H - T 0 T 
9 oo o • 
• \ ! e " 2 t / T d t 
T 0 
The n o n d i m e n s i o n a l forms of t h e s y s t e m w e i g h t i n g f u n c t i o n , u n i t 
s t e p r e s p o n s e , and | M | and a r e 
- a 
e , a>0 
C ( a ) = 
38 
= 1.0 
= 0 . 5 
where a i s t h e n o n d i m e n s i o n a l t i m e u n i t e q u a l t o t / T . A g r a p h i c a l 
summary of t h e s e forms i s g i v e n i n F i g u r e 8. 
The p e r c e n t a g e p o i n t s f o r t h e f i r s t - o r d e r s y s t e m a r e found u s i n g 
t h e s t e p r e s p o n s e C ( a ) . These p o i n t s a r e 
C ( | M | / T ) = 1 - e " 1 = 0 .632 o r % | M | = 6 3 . 2 
C(M / T ) = 1 - e " 0 , 5 = 0 .394 o r % M2 = 3 9 . 4 
For t h i s sy s t em t h e s e p o i n t s r ema in c o n s t a n t f o r a l l v a l u e s of t h e 
p a r a m e t e r T. 
One can s ee t h a t t h e v a l u e s T and T/2 o b t a i n e d f o r | M | and i n 
t h i s c a s e g i v e r e a s o n a b l e r e s u l t s . T h e i r r e l a t i v e p o s i t i o n s w i t h 
r e s p e c t t o t h e w e i g h t i n g f u n c t i o n a r e i n d i c a t e d i n F i g u r e 8. For 
l a r g e v a l u e s of T , t h e l a r g e v a l u e s of | M | and M2 c o r r e c t l y r e f l e c t t h e 
l o n g memory of t h e sys t em i n d i c a t e d by t h e r e l a t i v e l y f l a t shape of t h e 
w e i g h t i n g f u n c t i o n . As T-K), h ( t ) - > - 6 ( t ) ; and t h e s y s t e m a p p r o a c h e s a 
memoryless c o n d i t i o n . Again t h e v a l u e s of | M | and g i v e t h e r i g h t 
i n d i c a t i o n . 
The r e s u l t s f o r t h e f i r s t - o r d e r s y s t e m a r e summar ized : 
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% |M| = = 63 .2 
% M2 = = 39 .4 
Second-Orde r Systems 
0) n 
2 2 s +2Coo s+oo n n 
F i g u r e 9 . Second-Orde r System 
The a n a l y s i s of |M| and M f o r s e c o n d - o r d e r s y s t e m s w i l l be 
c a r r i e d o u t u s i n g t h e s e c o n d - o r d e r s y s t e m d e f i n e d by t h e t r a n s f e r 
f u n c t i o n 
oo 
H( s ) = n 2 2 s + 2CU) s + 03 n n 
( F i g u r e 9 ) 
In t h e complex s - p l a n e t h e s y s t e m i s c h a r a c t e r i z e d by two p o l e s , t h e 
l o c a t i o n of which i s s p e c i f i e d by t h e s y s t e m n a t u r a l f r e q u e n c y oô  and 
t h e s y s t e m damping r a t i o C. These r e l a t i o n s h i p s a r e shown i n F i g u r e 10 
In g e n e r a l t h e r e s p o n s e of t h e s e c o n d - o r d e r sy s t em t o a s t e p 
i n p u t , u n l i k e t h e r e s p o n s e of t h e f i r s t - o r d e r s y s t e m , can be e i t h e r 
41 
o s c i l l a t o r y or mono tone . Which mode of b e h a v i o r p e r s i s t s depends on 
t h e v a l u e of t h e damping r a t i o . I f t h e v a l u e of t h e damping r a t i o i s 
l e s s t h a n o n e , t h e r e s p o n s e w i l l be o s c i l l a t o r y . I f i t i s g r e a t e r t h a n 
o r e q u a l t o o n e , t h e r e s p o n s e w i l l be monotone . For each b e h a v i o r 
p a t t e r n t h e form of t h e s y s t e m w e i g h t i n g f u n c t i o n i s d i f f e r e n t . The 
forms of t h i s f u n c t i o n f o r £ < 1.0 and £ > 1.0 a r e 
I . (0 < C < 1 .0 ) 
CO -co £ t n n e smco t , r t > 0 
h ( t ) = 
t < 0 
I I . > 1 .0) 
co 
h ( t ) = 
2 / c 2 - l 
- s t - s t 
n ( 1 ^ \ (e - e ) , t > 0 
t < 0 
where co^ i s t h e s y s t e m damped n a t u r a l f r e q u e n c y co^/ l -c ; 2 9 = 
co (5 - / c 2 - l ~ ) , and s 0 = co (? + / ? 2 - l ) . The g e n e r a l form of h ( t ) n l n 
a l o n g w i t h t h e c o r r e s p o n d i n g s t e p r e s p o n s e of t h e s y s t e m f o r v a r i o u s 
v a l u e s of £ i s i l l u s t r a t e d i n F i g u r e 1 1 . 
From t h e s e r e s u l t s i t i s o b v i o u s t h a t jM| and w i l l have t o be 
c a l c u l a t e d f o r b o t h t h e c a s e L, < 1.0 and £ > 1 . 0 . These c a l c u l a t i o n s 
a r e s t r a i g h t f o r w a r d though a b i t t e d i o u s and a r e p r e s e n t e d i n t h e 
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Append ix . The r e s u l t s , h o w e v e r , a r e g i v e n i n Tab le 1. 
Tab le 1 . |M| and \A^\ Second-Orde r System 
M2 
2C 2TT r r 1 
+ — — — T + « 9 0<£<lo0 
OJ OJ . 2 OJ 2£oo 9 * n r l - r n n 
OJ OJ 2Coo n n n 
where r = e , oo = oo /l-~c;2 , 
I t i s d e s i r a b l e i n t h i s c a s e t o g i v e v a l u e s f o r |M| and which 
a r e i n a u s a b l e fo rm. Fo r t h i s r e a s o n Tab le 2 h a s been g e n e r a t e d , 
g i v i n g v a l u e s of | M | ( i n n o n d i m e n s i o n a l t i m e ) f o r t h e c a s e of £ < 1.0 „ 
I n c l u d e d i n t h i s t a b l e a r e a l s o t h e v a l u e s of t h e a n g l e $ ( s e e F i g u r e 
1 0 ) . The n o n d i m e n s i o n a l forms of b o t h JMJ and a r e p l o t t e d i n 
F i g u r e 1 2 . 
P e r c e n t a g e p o i n t s f o r t h e s e c o n d - o r d e r s y s t e m a r e d e f i n e d o n l y 
f o r t h e c a s e where £ > 1.0 (monotone s y s t e m ) . These p o i n t s , h o w e v e r , 
w i l l n o t be c a l c u l a t e d h e r e b u t w i l l be t a k e n up i n t h e n e x t c h a p t e r , 
where t h e s e c o n d - o r d e r s y s t e m ( f o r Q > 1 .0 ) w i l l be v i ewed as two c a s ­
caded f i r s t - o r d e r s y s t e m s . 
Tab le 2 . V a l u e s f o r co IM : S e c o n d - O r d e r System 
n J 
f I CO IM 1 C=cos$ 3 co IM 1 = cos 
n 1 • n 1 1 
0 ,05 1.998 0 .999 0 .80 1.809 0 .697 
0 .10 lo 990 0 .995 0 .85 1,852 0 .660 
0 ,15 lo 998 0 .989 0 ,90 1 .911 0 .622 
0 ,20 1, 960 0*980 0o95 1,990 0 .582 
0 ,25 1 . 938 0 0 969 1,00 2 .092 0 .540 
0 = 30 1, 912 0 .955 1.05 2 , 2 2 3 0 .498 
0 ,35 1 . 882 0 ,939 1.10 2 . 3 9 3 0 .454 
0 ,40 lo 852 0 . 9 2 1 1 = 15 2 ,612 0 .408 
0 ,45 lo 823 0 ,900 1,20 2 . 9 0 1 0 .362 
0 ,50 1 . 797 0 ,878 1.25 3 .242 0 .315 
0 ,55 1 . 777 0 .853 1.30 3 . 8 3 8 0 ,268 
0 ,60 1 . 763 0 .825 1.35 4 .647 0 .219 
0 .65 lo 759 0 ,796 1,40 5 ,945 0 .170 
0 70 lo 764 0 .765 1.45 8 .342 0 .121 
0 75 lo 780 0 .732 1,50 1 4 , 1 6 2 0 . 1 7 1 
j / I - 5 2 i n I x n 
]C0 
co — co / i ~ c 2 r n 
£ - cosI 
F i g u r e 1 0 , s - P l a n e Diagram of S e c o n d - O r d e r System 
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S tep Response Impu l se Response 
Under-damped C < 1.0 (C < KM) 
Overdamped £ > 1.0 (C > 4KM) 
F i g u r e 1 1 0 Impu l se Response and S t e p Response of S e c o n d - O r d e r System 
45 
U6 
At t h i s p o i n t a few g e n e r a l o b s e r v a t i o n s c o n c e r n i n g t h e r e s u l t s 
o b t a i n e d f o r | M | and M can be made. A compar i son of F i g u r e 12 and 
F i g u r e 5 ( C h a p t e r I I ) s h o w s , as was e x p e c t e d , a c l o s e c o r r e s p o n d e n c e 
be tween sys t em p e r f o r m a n c e and s y s t e m memory l e n g t h . In g e n e r a l f o r 
l a r g e and s m a l l v a l u e s of t h e damping r a t i o p e r f o r m a n c e was bad and 
memory l e n g t h l o n g . One look a t F i g u r e 11 shows t h e r e a s o n f o r such 
r e s u l t s . For s m a l l v a l u e of t h e damping r a t i o b o t h t h e w e i g h t i n g f u n c ­
t i o n and t h e r e s p o n s e of t h e s y s t e m t o a s t e p i n p u t t e n d t oward a s u s ­
t a i n e d o s c i l l a t o r y b e h a v i o r o v e r an e x t e n d e d p e r i o d . Fo r l a r g e v a l u e s 
of t h e damping r a t i o t h e s t e p i n p u t r e s p o n s e i s s low o r s l u g g i s h , w h i l e 
t h e w e i g h t i n g f u n c t i o n shows a t e n d e n c y t o s h i f t i t s mass t o w a r d t h e 
r i g h t o r t oward p a s t i n p u t s . Both c a s e s i n d i c a t e p o o r p e r f o r m a n c e and 
l o n g memory. | M | and t h u s a g a i n seem t o g i v e r e a s o n a b l e r e s u l t s , and 
t h e c o r r e s p o n d e n c e w i th s y s t e m p e r f o r m a n c e s h o u l d be c l e a r . 
Due t o t h e c l o s e c o r r e s p o n d e n c e be tween p e r f o r m a n c e and memory 
l e n g t h , i t migh t be s u s p e c t e d t h a t t h e s y s t e m w i t h t h e s h o r t e s t memory 
l e n g t h would c o r r e s p o n d w i t h t h e s y s t e m h a v i n g t h e b e s t p e r f o r m a n c e . 
As t h e r e s u l t s i n C h a p t e r I I i n d i c a t e d , b o t h f o r p e r f o r m a n c e m e a s u r e s 
and f o r s o l u t i o n t i m e , t h i s s e c o n d - o r d e r s y s t e m o c c u r s f o r a damping 
r a t i o v a l u e of a b o u t 0 . 7 . An e a s y c a l c u l a t i o n shows t h a t t h e minimum 
v a l u e of M„ o c c u r s f o r c ~ 0 . 7 0 7 , a v a l u e which does n o t d i f f e r 
from 0 . 7 t o any e x t e n d and what i s m o r e , i s p r o b a b l y t h e e x a c t s t a t e ­
ment of " a b o u t 0 . 7 . " The minimum p o i n t f o r | M | c a n n o t be c a l c u l a t e d 
e x a c t l y v e r y e a s i l y , b u t from T a b l e 2 , i t seems t o o c c u r f o r £ ~ 0 . 8 . 
Th i s v a l u e does d i f f e r from 0 . 7 ; howeve r , t h e b r o a d minimums on a l l t h e 
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c u r v e s ( s e e F i g u r e s 5 and 12) a t t h i s p o i n t makes t h i s d i f f e r e n c e of 
o n l y s m a l l s i g n i f i c a n c e u 
The p o i n t C - ^2/2 h a s a f u r t h e r s i g n i f i c a n c e . Fo r t h i s v a l u e 
of t h e damping r a t i o t h e p o l e s of t h e s e c o n d - o r d e r s y s t e m a r e l o c a t e d 
i n t h e s - p l a n e 45° from t h e r e a l a x i s , s e e F i g u r e 1 1 . T h i s f o l l o w s 
- 1 — 
s i n c e 3 - Cos ( / 2 / 2 ) = TT/4 0 T h i s l o c a t i o n of p o l e s f o r a s e c o n d - o r d e r 
sys t em i s a g e n e r a l l y known opt imum, and i t i s n o t e w o r t h y t h a t M ' s 
minimum o c c u r s a t e x a c t l y t h i s p o i n t . The minimum p o i n t of |M| c o r r e ­
sponds t o a v a l u e of 3 e q u a l t o 37° and i s n o t a g e n e r a l l y we l l -known 
v a l u e . A l s o not: t o go u n n o t i c e d i s t h e s i m i l a r i t y b e t w e e n H a l l ' s 
r e s u l t f o r t h e ISE i n E q u a t i o n ( 8 ) and t h e r e s u l t f o r g i v e n i n 
Tab le 1 0 
From t h e s e r e s u l t s i t seems t h a t t h e minimum v a l u e of o c c u r s 
v e r y c l o s e t o what i s a g e n e r a l l y a c c e p t e d optimum p e r f o r m i n g s y s t e m . 
I f t h i s s y s t e m i s t a k e n t o be t h e one h a v i n g t h e minimum memory l e n g t h , 
and i t w i l l be t a k e n t o be t h i s s y s t e m , t h e n a p p e a r s , a t l e a s t f o r 
t h e s e c o n d - o r d e r s y s t e m , t o do w e l l a s a measure of memory l e n g t h . The 
measure JMJ, h o w e v e r , does n o t seem t o do b a d l y . The s i n g l e f o r m u l a 
f o r f o r a l l v a l u e s of t h e damping r a t i o i s a l s o a n o t h e r f a v o r a b l e 
p o i n t o The v a l u e of JMJ h a s two d i f f e r e n t f o r m s , one of which i s 
d i f f i c u l t t o u s e w i t h o u t an accompanying t a b l e . 
Example 
At t h i s p o i n t a s p e c i f i c p h y s i c a l example of a s e c o n d - o r d e r 
s y s t e m w i l l be c o n s i d e r e d . The p u r p o s e of t h i s example i s n o t o n l y t o 
p o i n t o u t f u r t h e r d i f f e r e n c e s and s i m i l a r i t i e s be tween JMJ and b u t 
t o i l l u s t r a t e t h e i r u s e i n an a c t u a l p h y s i c a l s i t u a t i o n . 
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A s y s t e m commonly u s e d t o i l l u s t r a t e t h e b e h a v i o r of t h e second-
o r d e r s y s t e m i s t h e m e c h a n i c a l s p r i n g - m a s s - d a s h p o t s y s t e m of F i g u r e 13 , 
The i n p u t f ( t ) and t h e o u t p u t x ( t ) of t h e s y s t e m a r e g o v e r n e d by t h e 
s e c o n d - o r d e r d i f f e r e n t i a l e q u a t i o n 
2 
d x ( t ) „ d x ( t ) , N . M — - — - + C — T ~ - + K x ( t ) - K f ( t ) . 
d t 
The t r a n s f e r f u n c t i o n c o r r e s p o n d i n g t o t h i s e q u a t i o n i s g i v e n by 
H ( s ) = X ( S ) ~ K / M 
F ( S ) s 2 + (C/M)s + K/M 
f ( t ) 
l i t ) 
M 
C 
K 
f 
x 
mass 
damping c o e f f i c i e n t 
s p r i n g c o n s t a n t 
d r i v i n g f u n c t i o n ( i n p u t ) 
d i s p l a c e m e n t ( o u t p u t ) 
/ / / / / / / / / / / 
F i g u r e 13„ S p r i n g - M a s s - D a s h p o t System 
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o r i n s t a n d a r d form a s 
H ( s ) = n 2 2 s + 2£co s + co n n 
where 
co = V^TM and n 5 = 
2/MK 
The d i f f e r e n t r e s p o n s e s of t h i s s y s t e m f o r v a r i o u s v a l u e s of t h e 
p a r a m e t e r s M, K, and C a r e a l s o i l l u s t r a t e d i n F i g u r e 1 1 . 
The v a l u e s f o r JMJ and i n t h i s c a s e a r e 
M2 = C/K t M/C 
and 
r. C/K 
M | = < 
, C >4KM 
4'TTM ! r I 2 vC/K + s C <4KM 
/4MK : :C^ [ l - r f j 
wnere 
•ircj) and cj) = 
We can make a few g e n e r a l o b s e r v a t i o n s from t h e s e r e s u l t s . . . Both 
Mj and i n c r e a s e w i t h o u t bound a s t h e mass M becomes l a r g e ( t h i s may 
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n o t a p p e a r o b v i o u s f o r J M | , b u t i t can be v e r i f i e d ) . T h i s r e s u l t i s 
one we would i n t u i t i v e l y e x p e c t , s i n c e a l a r g e mass would r e s u l t i n a 
more s l u g g i s h s y s t e m w i t h l o n g e r d e l a y o r memory l e n g t h . On t h e o t h e r 
h a n d , an i n c r e a s i n g v a l u e of t h e s p r i n g c o n s t a n t K might seem t o imply 
a s y s t e m w i t h a s t e a d i l y d e c r e a s i n g d e l a y or memory l e n g t h . But a s 
K •+ « 9 M2 M/C and |M ( •* 2M/C, n o t z e r o . 
As a n u m e r i c a l example and t o i l l u s t r a t e t h e u s e of Tab le 2 , 
suppose 
M - 1 k i l o g r a m 
K = 625 
me te r 
r - on newton • s e c o n d s 
m e t e r 
Then 
Thus 
oi = I/K/H = v/625~ = 25 s e c 1 n 
C 30 
C = — = ~ - = 0„6 
2/m 
[ = .JL + = 0 , 0 5 7 s e c , 2 a) 2C0J 
n n 
I n t e r p o l a t i n g i n Tab le 2 g i v e s 
w | M | = l o 9 5 4 , 
n i i 
hence 
Ml = 1 ,954 /25 = 0 . 0 7 8 s e c . 
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CHAPTER V 
CASCADE AND PARALLEL SYSTEM COMBINATIONS 
I n t r o d u c t i o n 
I n t h i s c h a p t e r JMJ and M^ a r e s t u d i e d i n r e l a t i o n t o c a s c a d e 
and p a r a l l e l s y s t e m c o m b i n a t i o n s „ The c h a p t e r i s composed of two 
p a r t s . The f i r s t p a r t i s c o n c e r n e d w i t h monotone s y s t e m s o r s y s t e m s 
whose w e i g h t i n g f u n c t i o n s a r e n o n - n e g a t i v e . The second p a r t i s c o n ­
c e r n e d w i t h s y s t e m s which a r e n o t monotone o r nonmonotone s y s t e m s . No 
a t t e m p t i s made t o i n v e s t i g a t e JMJ and M^ i n r e l a t i o n t o t h e s e t y p e 
sys t ems i n an e n t i r e l y g e n e r a l way b u t on ly by r e p r e s e n t a t i v e monotone 
and nonmonotone s y s t e m s . These r e p r e s e n t a t i v e s y s t e m s a r e composed of 
c a s c a d e and p a r a l l e l c o m b i n a t i o n s of t h e f i r s t - and s e c o n d - o r d e r s y s t e m s 
of t h e p r e v i o u s c h a p t e r . The breakdown of t h e c h a p t e r i n t o two p a r t s 
i s i m p o r t a n t s i n c e t h e i n v e s t i g a t i o n i n r e l a t i o n t o monotone and non­
monotone s y s t e m s i s q u i t e d i f f e r e n t . To f u r t h e r f a c i l i t a t e t h e i n v e s ­
t i g a t i o n c a r e i s t a k e n t o c o n s i d e r s y s t e m s i n a l o g i c a l s e q u e n c e which 
b e g i n s w i t h t h e s i m p l e r and p r o c e e d s t o t h e more complex s y s t e m s . The 
p r i m a r y b a s i s f o r t h e i n v e s t i g a t i o n of each s y s t e m i s a p p r o p r i a t e 
p o i n t s from C h a p t e r I I I ( t h e s e b e i n g c r i t e r i o n ( i i ) , r e l a t i o n s h i p s ( v ) 
and ( v i ) , and t h e s y s t e m p e r c e n t a g e p o i n t s ) . O the r c h a r a c t e r i s t i c s 
and o b s e r v a t i o n s r e l a t e d t o | M | and M , h o w e v e r , a r e i n c l u d e d when 
t h e s e a r e t h o u g h t t o c o n t r i b u t e t o t h e e v a l u a t i o n . A l s o f o r some 
s y s t e m s t h e e v a l u a t i o n and d i s c u s s i o n of | M | and M can p r o c e e d f u r t h e r 
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t h a n i t can f o r o t h e r s . Fo r t h i s r e a s o n some s e c t i o n s a r e l o n g and 
o t h e r s more b r i e f . 
Monotone Systems 
I n t h i s p a r t of t h e c h a p t e r JMJ and M^ a r e i n v e s t i g a t e d i n 
r e l a t i o n t o c a s c a d e and p a r a l l e l s y s t e m c o m b i n a t i o n s which a r e mono tone . 
The p a r t i c u l a r s y s t e m s which a r e i n v e s t i g a t e d h e r e a r e composed of c a s ­
cade and p a r a l l e l f i r s t - o r d e r sys t em c o m b i n a t i o n s . The i n v e s t i g a t i o n 
p r o c e e d s from t h e s i m p l e s t t o t h e more complex s y s t e m s . A d e t a i l e d 
d i s c u s s i o n i s i n g e n e r a l g i v e n each s y s t e m . A summary of i m p o r t a n t 
r e s u l t s i s a l s o i n c l u d e d . 
n I d e n t i c a l F i r s t - O r d e r Sys tems Cascaded 
sT+1 sT+1 sT+1 ->o 
F i g u r e 14-„ I d e n t i c a l F i r s t - O r d e r Systems Cascaded 
An o r d e r of c o m p l e x i t y above t h a t of a s i n g l e f i r s t - o r d e r s y s t e m 
i s t h a t of n i d e n t i c a l c a s c a d e d such s y s t e m s ( F i g u r e 1 4 ) . The w e i g h t i n g 
f u n c t i o n f o r t h e s y s t e m i s 
I n t h i s c h a p t e r s y s t e m s w i l l i n g e n e r a l be i d e n t i f i e d t h r o u g h 
t h e i r b l o c k d i a g r a m and w e i g h t i n g f u n c t i o n . The t r a n s f e r f u n c t i o n w i l l 
n o t i n g e n e r a l be g iven„ 
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r 1 /T n n - 1 - t / T _ I T TTT t e , t>0 
( n - 1 ) ! 
h ( t ) 4 
1 0 , t<0 
The s y s t e m I s c h a r a c t e r i z e d by an n - p o l e a t - 1 / T and a s i n g l e p o s i t i v e 
p a r a m e t e r T„ 
S ince each of t h e component f i r s t - o r d e r s y s t e m s i n t h i s c a s e i s 
a monotone s y s t e m , t h e n from t h e r e s u l t s r e p o r t e d i n C h a p t e r I I t h e 
v a l u e of | M | f o r t h e o v e r - a l l s y s t e m must be t h e sum of i t s v a l u e s f o r 
each i n d i v i d u a l s y s t e m . Thus 
M = nT . 
The v a l u e of i s o b t a i n e d by a s t r a i g h t f o r w a r d d e r i v a t i o n and i s 
g i v e n by 
M = , I ( , 2 n ) / ' : 2 / T ) 2 n = T ( n _ 1 / 2 ) = ( 1 ^ ( 2 ^ ! ) 
Z r ( 2 n - l ) / ( 2 / T ) ^ n 1 1 
As w i t h a s i n g l e f i r s t - o r d e r s y s t e m , t h e p e r c e n t a g e p o i n t s i n 
t h i s c a s e do n o t depend on T. T h e i r dependence i s on ly on t h e number of 
components n . These v a l u e s f o r n ~ l , 2 , and 4 a r e g i v e n i n Tab le 3 , A 
c o r r e c t c o n c l u s i o n i s t h a t 
3 9 , 4 < % M < 6 3 . 2 
f o r a l l n > l . 
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Tab le 3 . % M: I d e n t i c a l F i r s t - O r d e r Sys tems Cascaded 
n % M 
1 6 3 . 2 39 .4 
2 59 .5 4 4 . 2 
56 .6 46 . 8 
I t i s e v i d e n t from t h e v a l u e o b t a i n e d f o r M2 t h a t i t s v a l u e f o r 
t h e o v e r - a l l s y s t e m i s n o t t h e sum of i t s v a l u e s f o r t h e i n d i v i d u a l 
component s y s t e m s , i n t h i s c a s e T / 2 . Tha t i s , r e l a t i o n s h i p ( v ) 
( C h a p t e r I I I ) does n o t h o l d i n g e n e r a l f o r M2 . However, i t i s a l s o 
e v i d e n t t h a t | M | and M2 d i f f e r by on ly a s m a l l amount f o r n s u f f i c i e n t l y 
l a r g e c 
A p l o t of t h e n o n d i m e n s i o n a l form of t h e w e i g h t i n g f u n c t i o n i s 
shown i n F i g u r e 1 5 . Summarized t h e r e a l s o a r e r e l a t i v e r e l a t i o n s h i p s 
be tween | M | , M , and t h e w e i g h t i n g f u n c t i o n maximum. 
M nT 
M2 = T / 2 ( 2 n - l ) 
T>0; n = l , 2 , ' " 
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Two F i r s t - O r d e r Systems Cascaded 
s T 2 + l 
F i g u r e 1 6 0 Two F i r s t - O r d e r Systems Cascaded 
The s e c o n d - o r d e r s y s t e m was f i r s t c o n s i d e r e d i n C h a p t e r IV. I t 
was c o n s i d e r e d i n t h e p r e v i o u s s e c t i o n f o r n=2 . Here i t ( t h e monotone 
s y s t e m ) i s v iewed as two c a s c a d e d f i r s t - o r d e r s y s t e m s f o r which T and 
T 2 a r e i n g e n e r a l n o t t h e same <, 
The w e i g h t i n g f u n c t i o n f o r t h i s s y s t e m i s g i v e n by 
h ( t ) = 
- t / T 1 - t / T 2 
e - e 
T - T 1 2 
, t>0 
, t<0 
T 4 T 1 f 2 
and t h e v a l u e s of |M and M_ a r e 
i 2 
T + T 1 2 
T T T T 
1 2 1 2 M = — + — + — 
2 2 2 T + T, 
f o r T . , T >0 . The v a l u e f o r M f o l l o w s from t h e t h e o r e m on c a s c a d e d 1 2 1 1 
s y s t e m s , and t h e v a l u e f o r M2 from a minor d e r i v a t i o n . 
Before g o i n g f u r t h e r i t w i l l be of c o n s i d e r a b l e a d v a n t a g e t o 
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e x p r e s s q u a n t i t i e s i n n o n d i m e n s i o n a l form. To do t h i s l e t T^ = k T ^ . 
In t h i s c a s e k i s a d i m e n s i o n l e s s p a r a m e t e r r e l a t i n g t h e f i r s t - o r d e r 
s y s t e m t i m e c o n s t a n t s . With t h i s r e l a t i o n s h i p v a l u e s f o r JMJ, M 2 , 
and h ( t ) can be e x p r e s s e d i n t h e n o n d i m e n s i o n a l form 
M | / T 1 = k + 1 
and 
2' 1 2 k + 1 
h ( a ) 
- a / k - a e - e 
k - 1 ' a>-° 
a<0 
where a ~ t / T and k 4 1 . Note t h a t t h e s e forms a r e f u n c t i o n s of t h e 
r e l a t i o n s h i p be tween T^ and T , n o t t h e a c t u a l v a l u e s of t h e s e pa ram­
e t e r s . As w i l l be s e e n , t h e s e forms a r e u s e f u l f o r c o m p a r a t i v e 
p u r p o s e s 0 
P l o t s of | M | / T , M 2 /T , and h ( a ) a r e g i v e n i n F i g u r e 17 and 
F i g u r e 18c The p l o t f o r h ( a ) a p p e a r s f o r k = 2 , 4 , and 6 ; and i n c l u d e d 
w i t h i t a r e t h e c o r r e s p o n d i n g v a l u e s f o r [ M | / T and M 2 / T ^ . One p a r ­
t i c u l a r o b s e r v a t i o n s h o u l d be made. In F i g u r e 17 t h e r e i s a g e n e r a l 
t e n d e n c y f o r p l o t s of | M | / T and ^ 2 / T ^ t o s e p a r a t e f o r l a r g e k . An 
e x p l a n a t i o n f o r t h i s i s found i n F i g u r e 18 where f o r t h e l a r g e k v a l u e s 
(k=4 and 6 ) t h e w e i g h t i n g f u n c t i o n d e v e l o p e s a l o n g " t a i l . " I t i s t h i s 
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p a r t i c u l a r form of t h e w e i g h t i n g f u n c t i o n which c a u s e s |M| /T and 
M /T (and hence | M | and M 0 ) t o t a k e on q u i t e d i f f e r e n t v a l u e s . M , Z 1 z z 
h a v i n g an a f f i n i t y f o r t h e l a r g e v a l u e s of t h e w e i g h t i n g f u n c t i o n , 
t e n d s t o t a k e on t h e s m a l l e r v a l u e s , w h i l e JMJ t a k e s on t h e l a r g e r 
v a l u e f o r i n c r e a s i n g k . As w i l l be b r o u g h t o u t f o r a l a t e r s y s t e m , 
t h i s p a r t i c u l a r t e n d e n c y can become q u i t e m a r k e d . I t i s , f o r t h e most 
p a r t , on ly a m a t t e r of o p i n i o n as t o w h e t h e r o r n o t a p a r t i c u l a r l y 
l a r g e o r s m a l l measure of memory l e n g t h i s a p p r o p r i a t e i n any p a r t i c u l a r 
c a s e 9 b u t t h e above t e n d e n c y does show t h e d i f f e r e n c e i n measure v a l u e s 
which can e x i s t f o r t h e same s y s t e m o r t h e same v a l u e of memory l e n g t h . 
I t a l s o d e m o n s t r a t e s t h e n e c e s s i t y of u s i n g t h e same measu re t o compare 
s y s t e m s , 
The p e r c e n t a g e p o i n t s f o r t h i s s y s t e m a r e p l o t t e d i n F i g u r e 1 9 . 
These p o i n t s a r e p l o t t e d on t h e u n i t i n t e r v a l ( 0 , 1 ] . I t s h o u l d be 
n o t e d t h a t t h e p l o t s on t h i s i n t e r v a l a r e t h e same a s t h e ones t h a t 
would be o b t a i n e d f o r k on t h e i n t e r v a l [ 1 , + ° ° ) . That i s , t h e same v a l u e 
f o r % IMI and % would be o b t a i n e d f o r k=k a s f o r k - 1/k , k > 0 . 1 1 2 o o o 
T h i s f o l l o w s s i n c e i t r e a l l y does n o t make any d i f f e r e n c e w h e t h e r t h e 
s u b s t i t u t i o n = kT^ i s u s e d o r t h e s s u b s t i t u t i o n = k T 2 i s u s e d t o 
o b t a i n t h e n o n d i m e n s i o n a l fo rm. From t h e s e p l o t s i t f o l l o w s t h a t 
5 9 , 5 < % |M| < 6 3 . 2 
3 9 . 4 < M„ < 4 4 . 2 
f o r any T ,T >0 . 
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h ( a ) " 
0 . 3 -
k 2 3 4 
| M | / T 
2 1 
3 5 7 
2 . 1 5 3 .30 4 . 3 5 
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Notewor thy h e r e of c o u r s e i s t h e f a c t t h a t f o r a l l v a r i a t i o n s i n 
t h e w e i g h t i n g f u n c t i o n thei^e i s o n l y a s m a l l change i n t h e p e r c e n t a g e 
p o i n t v a l u e s . T h i s change f o r % | M | i s 3 .7 and t h a t f o r % M ? i s 4 . 8 . 
As w i l l a g a i n be s e e n , t h i s s m a l l v a r i a t i o n and t h e s e r a n g e s of v a l u e s 
h o l d r a t h e r g e n e r a l l y , d i f f e r i n g on ly s l i g h t l y from one s y s t e m t o 
a n o t h e r . 
= T + T 
1 2 
T T T T 
„ = J , t - i + 1 2 
2 2 T, + T. 
T 1 9 T 2 > 0 
n I d e n t i c a l F i r s t - O r d e r Systems i n P a r a l l e l 
© 
h-1
 
sT + 
sT" + i 
n 
i 
sT + 1 
F i g u r e 2 0 . I d e n t i c a l F i r s t - O r d e r Systems i n P a r a l l e l 
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T h i s s y s t e m i s t h e n e x t l o g i c a l s y s t e m t o c o n s i d e r i n t h i s 
i n v e s t i g a t i o n . The t r a n s f e r f u n c t i o n f o r t h e s y s t e m i s g iven by 
n 
H ( s ) = I s T T T = s T + T » 
which i s i m m e d i a t e l y r e c o g n i z e d a s t h e t r a n s f e r f u n c t i o n of a f i r s t -
o r d e r s y s t e m w i t h a g a i n of n . S ince t h e s y s t e m g a i n does n o t a f f e c t 
t h e v a l u e of memory l e n g t h , t h e v a l u e s f o r | M | and i n t h i s c a s e a r e 
t h e same a s t h o s e f o r t h e f i r s t - o r d e r s y s t e m . 
T h i s s e c t i o n i s t h u s t e r m i n a t e d by s t a t i n g e s s e n t i a l l y t h e same 
r e s u l t s t h a t were g i v e n i n C h a p t e r IV f o r t h e f i r s t - o r d e r s y s t e m s . 
| M | = T 
T 
2 
T > 0 
n = 1 , 2 , . . . 
% | M | = 63 .2 
% M2 = 39 .4 
n = l , 2 , 
F i g u r e 2 1 . Two F i r s t - O r d e r Systems i n P a r a l l e l 
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T h i s s e c t i o n i s c o n c e r n e d w i t h o n l y two s y s t e m s i n p a r a l l e l , 
one d i s t i n g u i s h e d from the. o t h e r i n t h e v a l u e of i t s p a r a m e t e r T. 
Here c e r t a i n e s p e c i a l l y i m p o r t a n t e v a l u a t i v e i n f o r m a t i o n i s o b t a i n e d . 
The w e i g h t i n g f u n c t i o n f o r t h i s s y s t e m , t h e sum of two e x p o n e n ­
t i a l t e r m s , i s 
h ( t ) = 
- t / T - t / T 
1 /T X e 1 + 1/T e , t>0 
t<0 
The v a l u e s f o r M and a r e g i v e n by 
T + T 
MI 1 2 M = — — 
T T 
2 T x + T 2 
where T ^ , T 2 > 0 . A l s o by l e t t i n g = k T ^ , t h e n o n d i m e n s i o n a l forms of 
t h e s e q u a n t i t i e s and h ( t ) a r e 
M | / T l = L ± A 
M 0 /T , = k 2 ' 1 k + 1 
and 
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1/k e a /k + e - a a>0 
h ( a ) = 
0 a<0 
where a = t / T . 
The f o r m u l a s f o r | M | and M 2 i n t h i s c a s e a r e of p a r t i c u l a r 
c o n c e r n . Note t h a t as T 2 -> 0 , M2 -> 0 . In t h i s p a r t i c u l a r s i t u a t i o n 
M would seem t o i n d i c a t e t h a t t h e s y s t e m was a p p r o a c h i n g a memory less 
n o t memory l e s s . A l so a look a t F i g u r e 23 f o r t h e c a s e k -*• 0 ( c o r r e ­
s p o n d i n g t o T 2 0 ) d e m o n s t r a t e s t h a t t h e s y s t e m does n o t become 
memoryless„ Whereas T 2 c a n n o t a c t u a l l y e q u a l z e r o , i t c a n , a l o n g w i t h 
M 2 , be made a r b i t r a r i l y c l o s e t o z e r o . T h i s would t h u s seem t o be a 
v e r y n e a r v i o l a t i o n of c r i t e r i o n ( i i ) g i v e n i n C h a p t e r I I I . The 
e x p l a n a t i o n f o r t h i s b e h a v i o r on t h e p a r t of M2 s h o u l d be f a i r l y 
o b v i o u s from F i g u r e 2 3 . The d i s t o r t e d form of t h e w e i g h t i n g f u n c t i o n 
f o r s m a l l k and t h e g e n e r a l a f f i n i t y of M2 f o r l a r g e v a l u e s i s 
a p p a r e n t l y s u f f i c i e n t t o c a u s e M2 t o a p p r o a c h z e r o a s T 2 -> 0 . I n c o n ­
t r a s t n o t e t h a t | M | does n o t behave i n t h i s f a s h i o n . As T 2 •+ 0 , 
]M | -»- T / 2 , a v a l u e which i n t u i t i v e l y might seem t o be more r e a s o n a b l e 
measure of memory l e n g t h o r a t l e a s t a v a l u e which i s n o t a r b i t r a r i l y 
c l o s e t o z e r o . As w i l l be p o i n t e d o u t f o r l a t e r p a r a l l e l s y s t e m com­
b i n a t i o n s , t h i s p a r t i c u l a r c h a r a c t e r i s t i c of M2 seems t o be u n i v e r s a l , 
o c c u r r i n g whenever a s i m i l a r d i s t o r t i o n of t h e w e i g h t i n g f u n c t i o n 
s t a t e o r s y s t e m . But a s T 0 , h ( t ) -> 5 ( t ) + 1/T e - t / T x which i s 
o c c u r s . 
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Comment s h o u l d a l s o be made f o r t h e o p p o s i t e c a s e , namely t h e 
c a s e f o r which 0 0 o r e q u i v a l e n t l y t h e c a s e f o r which k -* 0 0 , F i g u r e 
22 shows t h a t t h e r e i s a marked d i f f e r e n c e i n | M | / T and M^/T^ o r | M | 
and i n t h i s s i t u a t i o n . The e x p l a n a t i o n i s t h e same a s i t was f o r 
two c a s c a d e d s y s t e m s . As k -* 0 0 t h e w e i g h t i n g f u n c t i o n ( s e e F i g u r e 23) 
d e v e l o p e s a l o n g t a i l . The v a l u e of | M | , as b e f o r e , i n c r e a s e s w i t h o u t 
b o u n d , w h i l e t a k e s on t h e s m a l l e r v a l u e s . T h i s a g a i n b r i n g s o u t t h e 
d i s t i n c t l y d i f f e r e n t m e a s u r e s of memory l e n g t h which | M | and can 
have f o r t h e same s y s t e m . 
A t t e n t i o n i s now t u r n e d t o r e l a t i o n s h i p ( v i ) of C h a p t e r I I I . 
S ince t h e s y s t e m i n F i g u r e 21 i s composed of two s y s t e m s i n p a r a l l e l , 
i t would be d e s i r a b l e t o know t h e r e l a t i o n be tween | M | and and t h e 
c o r r e s p o n d i n g maximum and minimum memories of t h e c o m p o n e n t s . Fo r | M | 
t h i s i s o b v i o u s . Assume T^ > T , t h e n c e r t a i n l y 
T < |M| < T 2 
where T , T^ a r e t h e v a l u e s of |M| f o r each of t h e component s y s t e m s 
For M2 t h e r e s u l t i s a l s o t h e same . To s e e t h i s n o t e t h a t 
T T T T 
M = 1 2 = I < _2. 
2 T j + T 2 1 + T 2 / T l 2 ' 
s i n c e 1 + T / T > 2 . A l s o 
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s i n c e 1 + T / T 2 < 2 . Thus 
T l T 2 - < M 2 < -
where T / 2 , T^/2, a s i t s h o u l d be r e c a l l e d , a r e t h e v a l u e s of M2 f o r 
t h e f i r s t - o r d e r s y s t e m c o m p o n e n t s . Of c o u r s e a s i m i l a r r e s u l t h o l d s 
f o r t h e c a s e T^ > T . Hence , r e l a t i o n s h i p ( v i ) i s v e r i f i e d i n t h i s 
c a s e o 
A p l o t of t h e p e r c e n t a g e p o i n t s f o r t h i s s y s t e m i s g i v e n i n 
F i g u r e 2 4 , Again i t i s s u f f i c i e n t t o g i v e t h e s e v a l u e s f o r k on t h e 
u n i t i n t e r v a l ( 0 , 1 ] „ Of p a r t i c u l a r n o t e f o r t h e s e v a l u e s i s t h e f a c t 
t h a t a g a i n t h e r e i s o n l y a s m a l l v a r i a t i o n f o r a l l p o s s i b l e v a l u e s of 
t h e s y s t e m p a r a m e t e r s T^,T . I t i s on ly f o r k s m a l l , where t h e w e i g h t ­
i n g f u n c t i o n i s most d i s t o r t e d , t h a t t h e p e r c e n t a g e p o i n t s change t o 
any e x t e n t . Even when k •> 0 , where 0 , % a p p r o a c h e s t h e l i m i t i n g 
v a l u e of 3 1 . 5 . 
To t e r m i n a t e t h i s s e c t i o n a t t e n t i o n w i l l be c a l l e d t o t h e f a c t 
t h a t t h e g a i n s f o r each of t h e component f i r s t - o r d e r s y s t e m s i n F i g u r e 
21 were assumed t o be t h e same, and i n t h i s c a s e assumed t o be o n e . I f 
t h i s i s n o t t h e c a s e , t h e n t h e v a l u e s o b t a i n e d f o r | M | and M2 a r e n o t 
as s i m p l e a s t h e ones g i v e n h e r e . C o n s i d e r i n g u n e q u a l component s y s t e m 
g a i n s , howeve r , does n o t add a n y t h i n g s i g n i f i c a n t t o what h a s a l r e a d y 
been d o n e . For t h i s r e a s o n no a t t e m p t i s made t o p r o c e e d a l o n g t h e s e 
l i n e s e i t h e r f o r t h i s s y s t e m o r f o r any of t h e r e m a i n i n g p a r a l l e l 
s y s t e m c o m b i n a t i o n s i n v e s t i g a t e d . 
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| M | = 
T + T 1 2 
2 
M = 2 
T 1 T 2 
T l + T 2 
T T > 0 
n F i r s t - O r d e r Systems Cascaded 
o >• sT + 1 s T 2 + 1 sT + 1 n 
F i g u r e 2 5 . F i r s t - O r d e r Systems Cascaded 
In t h e f i r s t s e c t i o n of t h i s c h a p t e r n i d e n t i c a l c a s c a d e d s y s t e m s 
were c o n s i d e r e d . In t h i s s e c t i o n t h e more g e n e r a l c a s e of n c a s c a d e d 
s y s t e m s ( F i g u r e 25) i s c o n s i d e r e d . 
The w e i g h t i n g f u n c t i o n f o r t h i s sys t em i s g i v e n by 
n - t / T . 
I A. e \ 
1 1 
t > 0 
h ( t ) = 
, t < 0 
where 
A i = 
n - 2 1 1 1 
1 T, - T. 
2 1 l 
and 
A. = n -2 1 
. . " T. - T. 
|_i=l : 1 
, K j < n . 
The f o r m u l a s f o r |M| and M a r e 
n 
= I T. 
1 1 
2 , T 1 2 n - l n T . T . = _ 1 
M„ = 
I A ^ ) + 2 I I A A ( ^ - J 
1=1 x z i = i i = i + i x J i T n 
T. n - l n T.T 
i = l 1=1 j = l + i 
The fo rmula f o r | M | of c o u r s e f o l l o w s from t h e t h e o r e m on c a s c a d e d 
monotone s y s t e m s . The f o r m u l a f o r l o o k s somewhat f o r m i d a b l e b u t can 
b e e a s i l y a r r i v e d a t u s i n g s t r a i g h t f o r w a r d p r o c e d u r e s . 
S i n c e t h e f o r m u l a f o r M i n t h i s c a s e i s c o m p l i c a t e d , i t i s d i f ­
f i c u l t t o make any e v a l u a t i v e o r c o m p a r a t i v e r e m a r k s . One o b s e r v a t i o n , 
howeve r , w i l l be made. P e r f o r m i n g t h e d i v i s i o n i n d i c a t e d i n y i e l d s 
where R i s a r e m a i n i n g t e rm and a f u n c t i o n of t h e p a r a m e t e r T^. As 
w i l l be s e e n i n a l a t e r s e c t i o n d e a l i n g i n a more g e n e r a l way w i t h 
n n 
c a s c a d e d monotone s y s t e m s , R J T^/2 a s n * 0 0 . Thus •+ J TM = | M | 
a s n->°°. I t i s p r o b a b l y f o r t u n a t e t h a t t h i s i s t h e c a s e , f o r i t would 
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i n d e e d be d i f f i c u l t t o e v a l u a t e M^ f o r n of any s i z e . C e r t a i n l y i t i s 
n 
e a s i e r t o a p p r o x i m a t e i t by t h e sum £ T . . 
1 1 
MI = y T , 
i = l 1 
n 0 T. 2 n - 1 n T . T . 2 
i = l i = l j = i + l i J 
n _ T. n - 1 n T . T . 
1=1 1=1 ] = i + i J I : 
A i = 
n - 2 1 1 1 
1 T, - T. 
2 1 l 
A. = T. n - 2 1 
„ i=i : 
l < j < n 
T. > 0 l 
F i g u r e 2 6 . F i r s t - O r d e r Systems i n P a r a l l e l 
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I n t h i s s e c t i o n n s y s t e m s i n p a r a l l e l ( F i g u r e 26) w i l l be c o n ­
s i d e r e d , t h e n e x t l o g i c a l e x t e n s i o n of t h e s y s t e m compose of n i d e n t i c a l 
s y s t e m s i n p a r a l l e l c o n s i d e r e d p r e v i o u s l y . 
The w e i g h t i n g f u n c t i o n f o r t h i s s y s t e m i s g i v e n by 
n - t / T . 
f I 1 / T i e \ t > 0 
h ( t ) = 
I 
1 
t<0 
and t h e f o r m u l a s f o r |M| and a s 
n 
I T. 
I 1 1 M = 
n - l n T . T . 
n / 2 + 4 I . ? n ( T . + T . ) a 
M = : = i 1=3+1 i 3 
2 n n - l n , 
y 1 / T . + 4 y y - — ^ l , L . . L n T. + T. 1 ] = 1 i = : + l i 3 
The f o r m u l a f o r M a g a i n l o o k s f o r m i d a b l e . However, i t p r o v i d e s c e r t a i n 
u s e f u l i n f o r m a t i o n . The f o r m u l a i t s e l f i s o b t a i n e d by u s i n g s i m p l e 
i n t e g r a t i o n t e c h n i q u e s and t h e f a c t t h a t 
n n n - l n 
( I = I * i + 2 I I x x n > 2 . 
i = l i = l j = l i = j + l J 
From t h i s f o r m u l a f o r M0 i t i s o b v i o u s t h a t M_ •+ 0 a s T. 0 
2 2 l 
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f o r any i . y T h i s r e s u l t was f i r s t m e n t i o n e d i n t h e c a s e n = 2 . I t i s 
shown h e r e t o be t r u e f o r any number of f i r s t - o r d e r s y s t e m s i n p a r a l l e l 
c o m b i n a t i o n . I f any one of t h e component f i r s t - o r d e r s y s t e m s a p p r o a c h e s 
a memoryless s t a t e , t h e n i n d i c a t e s t h a t t h e same happens f o r t h e 
e n t i r e s y s t e m . The r e a s o n f o r t h i s i n d i c a t i o n by i s t h e same a s i t 
was f o r t h e c a s e f o r two p a r a l l e l s y s t e m s . The a t t r a c t i o n of M 2 f o r 
l a r g e v a l u e s and t h e d i s t o r t i o n of t h e w e i g h t i n g f u n c t i o n when some 
T. -> 0 c a u s e s t h e r e s u l t . Again c r i t e r i o n ( i i ) i s n e a r l y v i o l a t e d . 
\ 
Note a g a i n , t o o , t h a t , a s f o r t h e n=2 c a s e , | M | does n o t g i v e t h i s 
i n d i c a t i o n . 
M = 
n 
I T. 
i = l 1 
n - l n T . T . 
n / 2 + * J I ( T . V T . ) 2 
3=1 i = J + l i 1 
n n - l n 
I 1 / T i + 4 I I T + T 
i = l 3=1 i = j + l i j 
Though no d i s c u s s i o n i s made of t h e f a c t , i t i s t r u e i n t h i s 
c a s e t h a t 
T . T 
mm < < max 
2n 2 2 
T h i s f a c t can be e a s i l y shown. In a d d i t i o n no c o n t r a d i c t i o n can be 
found f o r t h e s t a t e m e n t 
T . * T mm „ max 
2 2 2 
Though no p r o o f of t h i s f a c t c o u l d be made , i t i s s t r o n g l y b e l i e v e d t o 
be t r u e f o r a l l n>2 ( i t h a s a l r e a d y been shown t r u e f o r t h e c a s e n = 2 ) . 
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T i > 0 ; n = 2 , 3 , 4 , . . -
Monotone Systems Cascaded 
I n a number of t h e p r e v i o u s s e c t i o n s of t h i s c h a p t e r | M | and M^ 
were s t u d i e d i n r e l a t i o n t o s y s t e m s whose components were c a s c a d e d 
f i r s t - o r d e r s y s t e m s . At t h i s p o i n t an i m p o r t a n t r e s u l t c o n c e r n i n g t h e 
r e l a t i o n s h i p be tween |MJ and M^ f o r t h e g e n e r a l c a s e of monotone s y s t e m s 
c a s c a d e d w i l l be g i v e n . As one migh t s u s p e c t , t h e r e e x i s t s a c l o s e 
p a r a l l e l be tween c e r t a i n p a r t s of t h i s i n v e s t i g a t i o n , p a r t i c u l a r l y 
c e r t a i n p a r t s of t h i s s e c t i o n d e a l i n g w i t h monotone s y s t e m s , and some 
e l e m e n t s of p r o b a b i l i t y t h e o r y . The d e f i n i t i o n of | M | i n many c a s e s 
c o r r e s p o n d s c l o s e l y w i t h t h e d e f i n i t i o n of e x p e c t e d v a l u e . I n f a c t , | M | 
and e x p e c t e d v a l u e have t h e same d e f i n i t i o n f o r t h o s e monotone s y s t e m s 
whose w e i g h t i n g f u n c t i o n s i n t e g r a t e t o o n e . The d e f i n i t i o n of M^ does 
n o t c o r r e s p o n d t o any d e f i n i t i o n of e x p e c t e d v a l u e , b u t i t i s s t i l l a 
measure of c e n t r a l t e n d e n c y i n t h e w e i g h t i n g f u n c t i o n . C o n s i d e r i n g 
t h e s e s t a t e m e n t s , i t s h o u l d n o t be s u r p r i s i n g t h a t some of t h e t o o l s 
a s s o c i a t e d w i t h t h e a r e a of p r o b a b i l i t y t h e o r y migh t be u s e f u l i n 
e s t a b l i s h i n g c e r t a i n g e n e r a l r e s u l t s . 
The s p e c i f i c t o o l which w i l l be u s e d i n t h i s s e c t i o n i s t h e 
c e n t r a l l i m i t t h e o r e m . I t i s n o t e d t h a t t h e c e n t r a l l i m i t t h e o r e m 
s t a t e s t h a t t h e d i s t r i b u t i o n of t h e sum of n i n d e p e n d e n t random v a r i ­
a b l e s i s a s y m p t o t i c a l l y n o r m a l l y d i s t r i b u t e d w h a t e v e r t h e d i s t r i b u t i o n 
of e ach of t h e i n d i v i d u a l random v a r i a b l e s . A l s o f i n d i n g t h e d i s t r i b u ­
t i o n of t h e sum of n i n d e p e n d e n t random v a r i a b l e s i n v o l v e s t a k i n g t h e 
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c o n v o l u t i o n of t h e d i s t r i b u t i o n s of each of t h e random v a r i a b l e s i n t h e 
sum. T h i s same p r o c e s s of c o n v o l u t i o n i s a l s o u s e d i n f i n d i n g t h e 
A 
w e i g h t i n g f u n c t i o n of n c a s c a d e d monotone s y s t e m s . I f t h e w e i g h t i n g 
f u n c t i o n s of t h e i n d i v i d u a l , component s y s t e m s i n such a c a s c a d e s h o u l d 
happen t o a l s o i n t e g r a t e t o o n e , t h e n t h e o v e r - a l l w e i g h t i n g f u n c t i o n 
must a s y m p t o t i c a l l y a p p r o a c h a s y m m e t r i c G a u s s i a n e r r o r c u r v e a s t h e 
number of c a s c a d e d s y s t e m s i n c r e a s e s (n-*») . In f a c t , even i f some o r 
a l l of t h e i n d i v i d u a l w e i g h t i n g f u n c t i o n s d i d n o t i n t e g r a t e t o o n e , t h e 
o v e r - a l l w e i g h t i n g f u n c t i o n would s t i l l a s y m p t o t i c a l l y a p p r o a c h a 
s y m m e t r i c , b e l l - s h a p e d c u r v e . The f a c t t h a t t h i s o v e r - a l l w e i g h t i n g 
f u n c t i o n w i l l a lways a p p r o a c h a symmet r i c c u r v e f o r c a s c a d e d monotone 
s y s t e m s i s i m p o r t a n t . In C h a p t e r I I I i t was shown t h a t f o r s y m m e t r i c 
( i n f a c t , a b s o l u t e l y s y m m e t r i c ) w e i g h t i n g f u n c t i o n s | M | = = a , where 
a was t h e p o i n t of symmetry . I f t h e o v e r - a l l w e i g h t i n g f u n c t i o n 
a p p r o a c h e s symmet ry , t h e n c e r t a i n l y i t can be s a i d t h a t | M | a t t h e 
same t i m e . From t h i s a rgument t h e n t h e f o l l o w i n g s t a t e m e n t can be made: 
Let n monotone s y s t e m s be c a s c a d e d . Then M2 | M | a s 
n-*», where | M | and a r e e v a l u a t e d on t h e o v e r - a l l s y s t e m . 
The v a l u e of | M | of c o u r s e w i l l be t h e sum of i t s v a l u e s on each of t h e 
component s y s t e m s . 
One s h o u l d r e c a l l t h a t t h e above s t a t e m e n t h a s a l r e a d y b e e n u s e d 
R e c a l l t h a t t h e c o n v o l u t i o n of n f u n c t i o n s can be made by m u l ­
t i p l y i n g t h e i r L a p l a c e T rans fo rms t o g e t h e r and t h e n f i n d i n g t h e i n v e r s e 
t r a n s f o r m . T h i s i s e x a c t l y t h e way i n which t h e o v e r - a l l w e i g h t i n g 
f u n c t i o n f o r n c a s c a d e d s y s t e m s i s o b t a i n e d . 
A A 
I t w i l l be assumed h e r e t h a t a l l t h e c o n d i t i o n s of t h e c e n t r a l 
l i m i t t h e o r e m a r e s a t i s f i e d . 
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t o a r r i v e a t some of t h e e a r l i e r r e s u l t s f o r s y s t e m s composed of f i r s t -
o r d e r components c a s c a d e d . Th i s s t a t e m e n t c o u l d a l s o have some p r a c t i c a l 
v a l u e . For most monotone s y s t e m s i n c a s c a d e i t i s much e a s i e r t o o b t a i n 
t h e v a l u e f o r | M | t h a n i t i s t o o b t a i n t h e v a l u e f o r H . I f t h e number 
of s y s t e m s i n c a s c a d e was l a r g e , i t would be much e a s i e r t o u s e | M | a s 
an a p p r o x i m a t i o n t o t h a n i t would be t o t r y and e v a l u a t e s h o u l d 
such an e v a l u a t i o n be c a l l e d f o r . In any c a s e , a method f o r a p p r o x i ­
m a t i n g i n c e r t a i n s i t u a t i o n s i s a v a i l a b l e . 
I t s h o u l d a l s o be p o i n t e d ou t t h a t s i n c e | M | a s n-*°°, t h e n 
c e r t a i n l y % •+ % | M | a t t h e same t i m e . But a s t h e number of c a s c a d e d 
s y s t e m s i n c r e a s e s , t h e r e s u l t i n g w e i g h t i n g f u n c t i o n becomes more 
s y m m e t r i c . I t t h u s f o l l o w s t h a t b o t h % | M | and % M2 a p p r o a c h 50 p e r 
c e n t . The e n t r i e s i n T a b l e 3 a t t h e b e g i n n i n g of t h i s c h a p t e r demon­
s t r a t e t h i s r e s u l t . 
Summary of I m p o r t a n t R e s u l t s 
At t h i s p o i n t a b r i e f summary of t h e r e s u l t s which have been 
o b t a i n e d f o r | M | and w i t h r e s p e c t t o t h e p r e v i o u s s e c t i o n s w i l l be 
g i v e n . These r e s u l t s a r e i m p o r t a n t and w i l l form a major p a r t of t h e 
b a s i s from which t h e c o n c l u s i o n s and r ecommenda t ions of t h i s i n v e s t i g a ­
t i o n a r e made. These r e s u l t s a r e a s f o l l o w s : 
1 . For p a r a l l e l sy s t em c o m b i n a t i o n s i t was found t h a t M2 ->• 0 
whenever any one of t h e component s y s t e m s a p p r o a c h e d a memoryless s t a t e 
( t h a t i s , whenever t h e w e i g h t i n g f u n c t i o n f o r any component s y s t e m 
a p p r o a c h e d a u n i t i m p u l s e ) . T h i s b e h a v i o r of M2 i s a n e a r v i o l a t i o n of 
c r i t e r i o n ( i i ) ( C h a p t e r I I I ) and i s i n t u i t i v e l y i n c o r r e c t . The v a l u e 
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of |M| f o r t h e same c a s e on t h e o t h e r hand d i d n o t a p p r o a c h z e r o b u t 
what seemed l i k e a r e a s o n a b l e p o s i t i v e v a l u e . 
2 . The g e n e r a l a f f i n i t y of f o r l a r g e v a l u e s i n t h e s y s t e m 
w e i g h t i n g f u n c t i o n was found t o c a u s e l a r g e d i f f e r e n c e s i n t h e v a l u e s 
of |M| and f o r some s y s t e m s . T h i s a f f i n i t y i s a l s o t h e c a u s e of t h e 
p r e v i o u s r e s u l t . 
3 . d i d n o t s a t i s f y r e l a t i o n s h i p ( v ) . That i s , i t d i d n o t 
i n d i c a t e t h a t memory l e n g t h added i n a r e g u l a r f a s h i o n f o r s y s t e m s i n 
c a s c a d e . | M | d i d s a t i s f y t h i s r e l a t i o n s h i p ( t h i s was a c t u a l l y shown 
i n t h e l i t e r a t u r e and n o t i n t h i s i n v e s t i g a t i o n ) . 
4 . F o r m u l a s f o r i n g e n e r a l t e n d e d t o be c o m p l i c a t e d and h a r d 
t o d e r i v e . Fo rmulas f o r | M | i n g e n e r a l were s i m p l e and e a s y t o d e r i v e . 
5 . Both |M| and seemed t o s a t i s f y r e l a t i o n s h i p ( v i ) , t h u s 
i n d i c a t i n g t h i s a s a c h a r a c t e r i s t i c of memory l e n g t h . 
6 . M2 < |M| and 50 < % | M | < 70 
30 < % M 2 < 5 0 . 
7 . For n monotone s y s t e m s c a s c a d e d , M2 -> | M | a s n-*». 
Nonmonotone Sys tems 
I n t h e p r e v i o u s s e c t i o n s | M | and M2 were i n v e s t i g a t e d i n r e l a t i o n 
t o monotone s y s t e m s . I n t h i s p a r t of t h e c h a p t e r i n v e s t i g a t i o n w i l l 
p r o c e e d i n r e l a t i o n t o nonmonotone s y s t e m s . I n C h a p t e r IV b o t h | M | and 
M 2 were c o n s i d e r e d i n r e l a t i o n t o an i m p o r t a n t member of t h i s c l a s s , a 
s e c o n d - o r d e r sys t em ( w i t h damping r a t i o l e s s t h a n o n e ) . In t h e n e x t 
two s e c t i o n s two t h i r d - o r d e r s y s t e m s w i l l be b r i e f l y c o n s i d e r e d . The 
f i r s t s y s t e m c o n s i s t s of a f i r s t - and s e c o n d - o r d e r s y s t e m c a s c a d e d 
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and t h e s econd a f i r s t - and s e c o n d - o r d e r s y s t e m i n p a r a l l e l . In b o t h 
t h e s e c a s e s t h e p o l e s of t h e s e c o n d - o r d e r s y s t e m component a r e complex ; 
t h u s r e n d e r i n g t h e o v e r - a l l s y s t e m nonmonotone . 
I n making t h e t r a n s i t i o n of i n v e s t i g a t i o n from monotone t o n o n -
monotone s y s t e m s , some i m p o r t a n t changes w i l l t a k e p l a c e . I n t h e f o l ­
lowing two s e c t i o n s t h e d e r i v a t i o n and i n v e s t i g a t i o n of | M | w i l l n o t be 
made. The r e a s o n f o r t h i s i s t h a t i t i s t o o d i f f i c u l t , w i t h t h e e x c e p ­
t i o n of t h e s e c o n d - o r d e r sy s t em i n v e s t i g a t e d i n C h a p t e r IV, t o d e r i v e 
| M | f o r t h e s e s y s t e m s . For monotone s y s t e m s t h e a b s o l u t e v a l u e i n t h e 
d e f i n i t i o n of | M | p r e s e n t s no d i f f i c u l t y . I n t h e c a s e of nonmonotone 
s y s t e m s ; h o w e v e r , t h e a b s o l u t e v a l u e makes i t n e c e s s a r y t o l o c a t e t h e 
i n t e r v a l s on which t h e w e i g h t i n g f u n c t i o n i s p o s i t i v e and n e g a t i v e ; and 
t h i s means l o c a t i n g a l l t h e z e r o s of t h i s f u n c t i o n on t h e i n t e r v a l 
[ 0 , + ° ° ) . Fo r t h e s e c o n d - o r d e r s y s t e m of C h a p t e r IV t h i s was f a i r l y e a s y . 
F o r nonmonotone s y s t e m s i n g e n e r a l t h i s i s a v e r y d i f f i c u l t t a s k . I n 
t h e c o n c l u s i o n s t o t h i s i n v e s t i g a t i o n t h i s d i f f i c u l t y i n d e r i v i n g | M | 
w i l l be an i m p o r t a n t f a c t . 
S i n c e t h e d e r i v a t i o n of | M | w i l l n o t be made , t h e e v a l u a t i o n of 
c a n n o t be c a r r i e d o u t by c o m p a r i s o n w i t h r e s u l t s o b t a i n e d f o r | M | . 
One i m p o r t a n t p o i n t of e v a l u a t i o n f o r M , h o w e v e r , can be made. I n 
g e n e r a l t h e f o r m u l a s f o r M0 f o r nonmonotone s y s t e m s a r e v e r y i n v o l v e d . 
The a n a l y s i s done i n t h e n e x t two s e c t i o n s , w i t h l i t t l e e x c e p t i o n , w i l l 
be t o show how t h e v a l u e of can be o b t a i n e d f o r a l a r g e number of 
nonmonotone s y s t e m s , namely t h e t y p e s y s t e m s i n v e s t i g a t e d i n t h i s t h e s i s , 
w i t h t h e use of t a b l e s . The l i m i t a t i o n s of t h i s method w i l l a l s o be 
d i s c u s s e d . 
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F i g u r e 2 7 . F i r s t - and Second -Orde r Systems Cascaded 
In t h i s s e c t i o n w i l l be i n v e s t i g a t e d i n r e l a t i o n t o t h e 
s y s t e m i l l u s t r a t e d i n F i g u r e 2 7 . The w e i g h t i n g f u n c t i o n f o r t h i s s y s t e m 
can be w r i t t e n a s 
2 
co /T n 
[ ( l /T-Cco )2+co 2 ] _ n r •— 
/ ( l /T-Cco )2+co2 _ c u t 
~ t / l , n r n . , , , N e + e sm(co t-cb) co r 
h ( t ) =• 
, t>0 
, t < 0 
where <J) = Tan - 1 
1/T - ?co 
and co = co / l - C 2 . Concern i n t h i s s e c t i o n r n 
of c o u r s e w i l l be f o r t h e s y s t e m where 0 < £ < 1 . 0 ( 0 < 3 < TT/2 ) and 
T>0. The p r i n c i p a l o b j e c t i v e w i l l s i m p l y be t o i n t r o d u c e T a b l e 4 . 
S i n c e t h e v a l u e of f o r t h i s s y s t e m i s q u i t e i n v o l v e d , o n l y i t s 
n o n d i m e n s i o n a l form w i l l be g i v e n . Th i s form a p p e a r s a t t h e end of t h i s 
R e c a l l t h a t C = c o s 3 . In t h i s s e c t i o n and t h e one which f o l l o w s 
r e f e r e n c e s h o u l d be made t o F i g u r e 10 ( C h a p t e r IV) f o r t h e r e l a t i o n s h i p 
among t h e s e c o n d - o r d e r s y s t e m p a r a m e t e r s . 
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s e c t i o n . I t s main u s e f u l n e s s i s i n t h e g e n e r a t i o n of T a b l e 4 . To 
o b t a i n t h i s form ( a p a r t i a l d e r i v a t i o n of t h i s form i s made i n t h e 
Append ix . Only an o u t l i n e i s g i v e n h e r e ) , i t i s n e c e s s a r y t o a g a i n 
i n t r o d u c e a n o n d i m e n s i o n a l p a r a m e t e r k . The t h i r d - o r d e r s y s t e m of 
F i g u r e 27 i s c h a r a c t e r i z e d by t h r e e p a r a m e t e r s : a t i m e c o n s t a n t T , a 
n a t u r a l f r e q u e n c y oo^, and a damping r a t i o I n o r d e r t o r e d u c e t h i s 
number t o t w o , namely t o k and c , t h e r e l a t i o n 
k?oj = 1/T n 
i s i n t r o d u c e d . With t h i s r e l a t i o n t h e f o r m u l a f o r 1A can be e x p r e s s e d 
i n t h e n o n d i m e n s i o n a l form oo M„ by s i m p l y f a c t o r i n g oo from t h e e x p r e s -
n 2 c J n 
s i on f o r M^o T h i s form i s a f u n c t i o n of t h e two p a r a m e t e r s k and C o r 
k and 3 ; t h a t i s , oo M = oo M ( k , 3 ) . I n d e a l i n g w i t h p r e v i o u s s y s t e m s 
n 1 T\ 2. 
which c o u l d be c h a r a c t e r i z e d by two p a r a m e t e r s , i t was p o s s i b l e t o 
e x p r e s s t h e n o n d i m e n s i o n a l form of \H ( and | M | ) i n t e r m s of a s i n g l e 
p a r a m e t e r k . The n o n d i m e n s i o n a l form c o u l d t h e n be g r a p h i c a l l y p r e ­
s e n t e d v s . k . I n t h e p r e s e n t c a s e , h o w e v e r , oô M^ must be g r a p h i c a l l y 
p r e s e n t e d i n c o n t o u r d i a g r a m form v s . k and C• Such a c o n t o u r d i a g r a m 
h a s been c o n s t r u c t e d and i s g i v e n i n F i g u r e 29 f o r v a l u e s of k up t o 9 
and f o r v a l u e s of XL, up t o 0 .9 . I t i s t h i s d i a g r a m which i s t o be com­
p a r e d w i t h t h e one i n F i g u r e 6 of C h a p t e r I I . Both d i a g r a m s have t h e 
same f o r m . They d i f f e r i n what i s p l o t t e d and t h e v a l u e s r e p r e s e n t e d 
on t h e a b s c i s s a . 
C o r r e s p o n d i n g t o t h e c o n t o u r d i a g r a m i s a t a b l e of v a l u e s f o r 
W n M 2 * T n e s e v a l u e s a r e g i v e n i n Tab le 4 . R e c a l l t h a t i n C h a p t e r IV a 
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s i m i l a r t a b l e ( T a b l e 2) was u s e d t o o b t a i n v a l u e s f o r | M | . How t h i s 
can be done f o r h i g h e r o r d e r s y s t e m s i n g e n e r a l w i l l be d i s c u s s e d i n 
t h e n e x t s e c t i o n . With Tab le 4 t h e v a l u e s of can be d e t e r m i n e d f o r 
a l a r g e number of s y s t e m s w i t h r e l a t i v e l y few c a l c u l a t i o n s . An example 
showing how t h i s i s done f o r a s p e c i f i c s y s t e m w i l l be g i v e n . 
S i n c e t h e s y s t e m i n F i g u r e 27 i s composed of two s y s t e m s i n c a s ­
c a d e , a word s h o u l d be s a i d a b o u t r e l a t i o n s h i p ( v ) . I t i s e v i d e n t from 
t h e f o r m u l a g i v e n be low and t h e v a l u e s of ( s e e C h a p t e r IV) f o r t h e 
component s y s t e m s t h a t t h i s r e l a t i o n s h i p does n o t h o l d i n t h i s c a s e . 
T h i s i s g e n e r a l l y t r u e f o r nonmonotone s y s t e m s composed of components 
i n c a s c a d e . I t shows t h a t memory l e n g t h f o r t h e s e s y s t e m s i s n o t a 
s i m p l e a d d i t i v e f u n c t i o n of t h e memory l e n g t h s of t h e component s y s t e m s . 
» n M 2 = 5" 
N = N + C N - C N + C N - C N - C N 1 N 1 l 2 2 3 3 4 4 5 5 6 6 
D = D l + C 2 D 2 " C 3 D 3 + C 4 D 4 - C 5 D 5 " C 6 D 6 
where 
N _ 1 n _ ( k + l ) c o s | 
3 A 3 A 
N.. = D 1 4 , 2_ 4 2cos3 4cos 3 
N = S2S20 D = £ 2 5 i 
5 4 5 2 
6 4 6 2 
C 2 = 2Bcoscf) A - T - l f t a n 3 e i - T a n [ k + r : 
C = 2Bsincf> <|> = Tan 1 ^2fL 9 = TT/2 i f k = l o K — J_ 
C 4 = B 2 / 2 
Cc = (B 2 /2)cos2cf) An = ( k + l ) 2 c o s 2 3 + s i n 2 f b 1 
Cc = (B 2/2)sin<}) A 0 = ( k - l ) 2 c o s 2 3 + s i n 2 | b 2 
0 < 3 < TT/2 B = 
s m 3 
k > 0 
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Example 
R ( s ) 
s~xE(s) 
s ( s T 1 + l ) ( s T 2 + l ) 
C ( s ) 
F i g u r e 2 8 . Feedback C o n t r o l System 
Suppose i t i s d e s i r e d t o f i n d f o r t h e above s y s t e m w i t h v a l u e s 
f o r T ^ , T 2 , and K a s g i v e n b e l o w . The c l o s e d - l o o p t r a n s f e r f u n c t i o n f o r 
t h i s sy s t em i s g i v e n by 
C ( s ) 
I f 
R ( s ) s ( s T + l ) ( s T +1) + K 
T = 0 .25 s e c . 
T 2 = 0 .10 s e c . 
K = 2 . 2 5 . 
t h e n 
C ( s ) _ 2 . 2 5 
R ( s ) s ( 0 . 2 5 s + l ) ( 0 . 1 0 s + l ) + 2 .25 
Thus 
A l s o 
90 
s ( s + 4 ) ( s + 1 0 ) + 90 
90 
( s + 1 1 . 1 ) ( s + 1 . 4 5 + 2 . 4 7 1 ) ( s + 1 , 4 5 - 2 . 4 7 1 ) 
O _L Z. 
s 2 = - 1 . 4 5 + 2 . 4 7 1 and 
Tan XY^j = Tan ( 1 . 7 1 ) = 60° o r TT/3 
r, = c o s 3 = 0 .50 
£oo = 1.45 n 
oo = 2 . 9 s e c n 
- s = 1/T = 1 1 . 1 s e c 1 
.". k = -sj^u = 1 1 . 1 / 1 . 4 5 = 7 .67 3 n 
From T a b l e 4 f o r £ = 0„5 and k = 7 .67 
oo Mn z 1 .608 n z 
and 
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__j 1 1 1 Hr-> 
1.0 3 .0 5 .0 7 .0 9.Ok 
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Table 4. w M : First- and Second-Order Systems Cascaded 
k 
6 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0 
0.05 0.999 0.857 2.500 2.205 2.042 1.938 1.866 1.814 1.775 1.744 1.719 1.698 1.681 1.667 1.654 1.644 1.634 1.626 1.619 1.612 1.606 
0.10 0.995 0.856 2.500 2.205 2.041 1.937 1.866 1.813 1.774 1.743 1.718 1.697 1.680 1.665 1.653 1.642 1.633 1.625 1.617 1.611 1.605 
0.15 0.989 0.856 2.500 2.204 2.041 1.936 1.865 1.812 1.772 ] .741 1.716 1.695 1.678 1.663 1.651 1.640 1.631 1.622 1.615 1.608 1.602 
0.20 0.980 0.856 2.500 2.204 2.040 1.935 1.863 1.810 1.770 1.739 1.713 1.693 1.675 1.661 1.698 1.637 1.628 1.619 1.612 1.605 1.599 
0.25 0.969 0.856 2.500 2.204 2.039 1.934 1.861 1.808 1.768 1.736 1.710 1.689 1.672 1.657 1.644 1.633 1.624 1.615 1.608 1.601 1.595 
0.30 0.955 0.856 2.500 2.204 2.038 1.933 1.859 1.806 1.765 1.733 1.707 1.686 1.668 1.653 1.640 1.629 1.620 1.611 1.603 1.597 1.590 
0.35 2.939 0.856 2.500 2.204 2.038 1.932 1.858 1.803 1.762 1.730 1.704 1.682 1.664 1.649 1.636 1.625 1.615 1.606 1.598 1.591 1.585 
0.40 0.921 0.856 2.501 2.205 2.038 1.931 1.856 1.801 1.759 1.727 1.700 1.678 1.660 1.644 1.631 1.620 1.610 1.601 1.593 1.586 1.580 
0.45 0.900 0.857 2.503 2.206 2.039 1.930 1.855 1.800 1.757 1.724 1.697 1.674 1.656 1.640 1.627 1.615 1.605 1.596 1.588 1.580 1.574 
0.50 0.878 0.858 2.506 2.209 2.040 1.931 1.855 1.798 1.755 1.721 1.694 1.671 1.652 1.636 1.622 1.610 1.600 1.591 1.583 1.575 1.569 
0.55 0.853 0.860 2.510 2.213 2.043 1.933 1.856 1.799 1.755 1.720 1.692 1.669 1.649 1.633 1.619 1.607 1.596 1.586 1.578 1.570 1.564 
0.60 0.825 0.863 2.514 2.218 2.048 1.937 1.858 1.800 1.755 1.720 1.691 1.668 1.648 1.631 1.617 1.604 1.593 1.583 1.574 1.567 1.560 
0.65 0.796 0.867 2.520 2.224 2.054 1.992 1.863 1.804 1.758 1.722 1.693 1.668 1.648 1.631 1.616 1.603 1.591 1.581 1.572 1.564 1.557 
0.70 0.765 0.873 2.528 2.233 2.063 1.951 1.870 1.810 1.764 1.727 1.697 1.672 1.651 1.633 1.617 1.604 1.592 1.582 1.573 1.564 1.557 
0.75 0.732 0.882 2.537 2.245 2.075 1.962 1.881 1.820 1.773 1.735 1.704 1.678 1.656 1.638 1.622 1.608 1.596 1.585 1.576 1.567 1.559 
0.80 0.697 0.895 2.548 2.259 2.091 1.978 1.896 1.834 1.786 1.747 1.715 1.689 1.666 1.647 1.631 1.616 1.604 1.592 1.582 1.574 1.565 
0.85 0 .660 0.913 2.561 2.277 2.111 1.999 1.916 1.854 1.804 1.765 1.732 1.705 1.682 1.662 1.645 1.680 1.616 1.605 1.594 1.585 1.577 
0.90 0.622 0.940 2.577 2.299 2.137 2.025 1.943 1.880 1.830 1.789 1.756 1.728 1.704 1.683 1.665 1.650 1.636 1.624 1.613 1.603 1.594 
0.95 0.582 0.978 2.595 2.325 2.168 2.059 1.978 1.915 1.864 1.823 1.788 1.759 1.735 1.713 1.695 1.678 1.664 1.651 1.640 1.629 1.620 
1.00 0.540 1.033 2.617 2.356 2.206 2.102 2.023 1.960 1.909 1.867 1.832 1.802 1.777 1.755 1.735 1.718 1.703 1.690 1.678 1.667 1.657 
1.05 0.498 1.112 2.644 2.393 2.253 2.155 2.079 2.018 1.968 1.926 1.891 1.860 1.834 1.811 1.791 1.773 1.757 1.743 1.730 1.719 1.708 
1.10 0.454 1.226 2.677 2.436 2.309 2.220 2.150 2.093 2.044 2.003 1.968 1.937 1.910 1.887 1.866 1.847 1.831 1.816 1.802 1.790 1.779 
1.15 0.408 1.391 2.721 2.488 2.376 2.300 2.239 2.187 2.143 2.104 2.069 2.039 2.012 1.988 1.967 1.948 1.931 1.915 1.901 1.888 1.876 
1.20 0.362 1.632 2.781 2.552 2.458 2.398 2.350 2.308 2.270 2.235 2.204 2.175 2.149 2.126 2.105 2.085 2.068 2.052 2.037 2.023 2.011 
1.25 0.315 1.984 2.872 2.635 2.558 2.520 2.491 2.463 2.436 2.409 2 .383 2.359 2.335 2.314 2.294 2.275 2.257 2.241 2.226 2.213 2.200 
1.30 0.268 2.507 3.017 2.753 2.690 2.676 2.670 2.664 2.654 2.641 2.625 2.609 2.592 2.575 2.558 2.541 2.526 2.511 2.496 2.483 2.470 
1.35 0.219 3.307 3.267 2.942 2.881 2.889 2.912 2.934 2.949 2.958 2.961 2.960 2.955 2.998 2.939 2.928 2.918 2.906 2.895 2.884 2.873 
1.40 0.170 4.596 3.737 3.289 3.205 3.225 3.276 3.331 3.380 3.421 3.454 3.478 3.496 3.508 3.516 3.520 3.521 3.520 3.517 3.513 3.508 
1.45 0.120 6 .926 4.731 4.039 3.880 3.383 3.955 4.040 4.126 4.207 4.280 4.394 4.400 4.447 4.486 4.520 4.597 4.570 4.588 4.603 4.614 
1.50 0.070 12.384 7.417 6.137 5.780 5.723 5.781 5.884 6.004 6.126 6.246 6.359 6.465 6.563 6.653 6.736 6.812 6.880 6.943 7.000 7.051 OO 
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M2 = 1 , 6 0 8 / 2 . 9 = 0 .55 s e c 
which i s c o n s i d e r a b l y e a s i e r t h a n e v a l u a t i n g t h e f o r m u l a f o r oo M„ 
J n 2 
F i r s t - and Second-Order System i n P a r a l l e l 
F i g u r e 30 . F i r s t - and Second-Order System i n P a r a l l e l 
T h i s sy s t em i s t h e p a r a l l e l c o u n t e r p a r t of t h e one i n t h e p re ­
v i o u s s e c t i o n . The w e i g h t i n g f u n c t i o n f o r t h i s sy s t em i s 
h ( t ) = 
- t / T W n " ? a ) n t 1/T e ' + — e sinoo t , t > 0 
oo r r 
, t < 0 
Again t h e r e l a t i o n ktoo = 1/T can be u s e d t o o b t a i n oo NL . T h i s v a l u e 
n n 2 
a p p e a r s a t t h e end of t h i s s e c t i o n . A l s o , a s b e f o r e , a c o n t o u r d i a g r a m 
and a t a b l e of v a l u e s f o r t h e n o n d i m e n s i o n a l form a r e g i v e n . These a r e 
F i g u r e 31 and Tab le 5 , r e s p e c t i v e l y . 
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In t h i s s e c t i o n t h e d i s c u s s i o n w i l l be c o n f i n e d t o two p o i n t s . 
One p o i n t c o n c e r n s r e l a t i o n s h i p ( v i ) and t h e o t h e r c o n c e r n s , a s was 
p r e v i o u s l y m e n t i o n e d , t a b l e s l i k e 4 and 5 i n g e n e r a l - D i s c u s s i o n of 
t h e s e two p o i n t s w i l l t e r m i n a t e t h i s i n v e s t i g a t i o n . 
To check r e l a t i o n s h i p ( v i ) f o r t h i s sys t em t h e v a l u e s i n T a b l e 
5 can be u s e d . Suppose t h a t f o r t h e sys t em i n F i g u r e 30 
T/2 < C/OJ + 1 
n 2£OJ n 
o r ( u s i n g kcoj = 1/T) 
n 
l / 2 k C < C + 1/2C 
which i m p l i e s 
k > 1 
2 C 2 + 1 
What i s t o be d e t e r m i n e d i n t h i s c a s e t h e n i s w h e t h e r o r n o t 
T/2 < M2 < S / % • ^ -
n 
o r 
l / 2 k c < co M0 < C + 1/2C n 2 ~ 
f o r a l l k > 1/(2C + 1 ) . The number OJ M0 of c o u r s e i s i n T a b l e 5 . I n 
n z 
g e n e r a l t h i s r e l a t i o n w i l l be found t o h o l d . However, f o r a t l e a s t one 
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s e t of v a l u e s f o r k and £ i t f a i l s . Suppose t, i s s m a l l ($ l a r g e ) , s a y 
C = 0o07 . Then OJ s h o u l d s a t i s f y n 2 
7 . 1 5 / k < OJ M < 7 .22 n 2 
f o r a l l k > 1 . 0 . For k = 1.0 though OJ Mn = 6 . 8 8 1 \ 7 . 1 5 . I f t h i s 
n 2 
r e l a t i o n i s a l s o checked f o r a few o t h e r s m a l l v a l u e s of £ w i t h k = 1 . 0 , 
i t w i l l a l s o f a i l . Thus i t seems t h a t a t l e a s t f o r t h e s e c a s e s r e l a ­
t i o n s h i p ( v i ) f a i l s t o h o l d f o r M . For most of t h e v a l u e s i n t h e 
t a b l e , a s was j u s t s t a t e d , t h e p r o p e r r e l a t i o n s h i p does h o l d . 
The o t h e r p o i n t t o d i s c u s s c o n c e r n s t a b l e s l i k e 4 and 5 . I n 
C h a p t e r I I I i t was p o i n t e d o u t t h a t a r e d u c t i o n i n t h e number of 
p a r a m e t e r s n e c e s s a r y t o c h a r a c t e r i z e a sy s t em c o u l d be made f o r a l l 
t h e t y p e sys tems c o n s i d e r e d i n t h i s i n v e s t i g a t i o n . How t h i s i s done and 
how t h e c o r r e s p o n d i n g n o n d i m e n s i o n a l form of can be u s e d h a s b e e n 
d e m o n s t r a t e d f o r two nonmonotone s y s t e m s . How t h i s migh t a l s o be 
e x t e n d e d t o s y s t e m s w i t h o r d e r s h i g h e r t h a n t h e t h i r d i s a l s o n o t h a r d 
t o s e e . The u s e of a few more n o n d i m e n s i o n a l p a r a m e t e r s l i k e k would 
make i t p o s s i b l e t o r e d u c e t h e number of c h a r a c t e r i z i n g p a r a m e t e r s and 
d e v e l o p t a b l e s l i k e 4 and 5 . Such t a b l e s , h o w e v e r , would o b v i o u s l y g e t 
v e r y l a r g e as t h e o r d e r of t h e s y s t e m t o which t h e y a p p l i e d i n c r e a s e d . 
I n f a c t , i f some way were n o t d e v i s e d t o g e n e r a t e such t a b l e s w i t h some 
d e g r e e of e f f i c i e n c y , t h i s method of e v a l u a t i n g would q u i c k l y r u n 
a g r o u n d . One way such e f f i c i e n c y can be o b t a i n e d i s t o choose t h e 
r a n g e s of t h e p a r a m e t e r s i n t h e t a b l e t o c o v e r o n l y t h e i n t e r v a l s which 
migh t be most u s e d . O t h e r ways t o o b t a i n e f f i c i e n c y a l s o e x i s t 
and can be employed i n a l a r g e number of c a s e s . 
N * 
% M 2 = D " 
N = 1/4 + 4 ( k
2 + k ) c o s 2 3 1 cos 2 3 
2 . 2 
A 2 s i n 23 
. 2 8 s m 3 
D kcosB 2kcos3 1 
2 A 4 c o s 3 
A = ( k 2 + 2 k ) c o s 2 3 + 1 
k > 0 C = cosB 0 < 3 < TT/2 
A p a r t i a l d e r i v a t i o n o f t h i s f o r m u l a a p p e a r s i n t h e A p p e n d i x . 
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Table 5. u M : First- and Second-Order Systems in Parallel 
k 
6 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0 
0.05 0.999 1.290 0.901 0.683 0.544 0.450 0.383 0.332 0.293 0.263 0.237 0.217 0.199 0.184 0.172 0.160 0.151 0.142 0.134 0.127 0.121 
0.10 0.995 1.290 0.403 0.685 0.547 0.452 0.385 0.334 0.295 0.264 0.239 0.218 0.200 0.185 0.172 0.161 0.151 0.143 0.135 0.138 0.122 
0.15 0.989 1.293 0.407 0.689 0.550 0.455 0.387 0.336 0.297 0.266 0.240 0.219 0.202 0.187 0.174 0.163 0.153 0.144 0.136 0 .129 0.123 
0.20 0.980 1.296 0.912 0.694 0.565 0.460 0.391 0.340 0.300 0.269 0.243 0.222 0.204 0.189 0.176 0.164 0.154 0.196 0.138 0.131 0.124 
0.25 0.969 1.300 0.919 0.701 0.561 0.466 0.396 0.345 0.304 0.273 0.297 0.225 0.207 0.192 0.178 0.167 0.157 0.148 0.140 0.133 0.126 
0.30 0.955 1.304 0.927 0.710 0.569 0.473 0.403 0.350 0.310 0.277 0.256 0.229 0.211 0.195 0.182 0.170 0.160 0.151 0.142 0.135 0.129 
0.35 0.939 1.309 0.937 0.720 0.579 0.481 0.411 0.358 0.316 0.288 0.256 0.234 0.216 0.200 0.186 0.174 0.163 0.154 0.146 0.138 0.132 
0.40 0.921 1.314 0.449 0.732 0.590 0.492 0.420 0.366 0.324 0.290 0.263 0.240 0.221 0.205 0.191 0.178 0.168 0.158 0.150 0 .142 0.135 
0.45 0.900 1.320 0.962 0.746 0.604 0.504 0.431 0.376 0.333 0.299 0.271 0.247 0.228 0.211 0.196 0.184 0.173 0.163 0.154 0.146 0.139 
0.50 0.878 1.327 0.977 0.762 0.619 0.518 0.444 0.388 0.344 0.308 0.280 0.256 0.235 0.218 0.203 0.190 0.179 0.169 0.160 0.152 0.144 
0.55 0.853 1.333 0.993 0.780 0.636 0.534 0.459 0.401 0.356 0.320 0.290 0.265 0.245 0.227 0.211 0.198 0.186 0.176 0.166 0.158 0.150 
0.60 0.825 1.340 1.011 0.301 0.656 0.553 0.476 0.417 0.370 0.333 0.302 0.277 0.255 0.237 0.221 0.207 0.195 0.184 0.174 0.165 0.157 
0.65 0.796 1.347 1.031 0.824 0 .674 0.574 0.496 0.435 0.387 0.349 0.317 0.290 0.268 0.249 0.232 0.217 0.204 0.143 0.183 0.174 0.165 
0.70 0.765 1.354 1.052 0.849 0.705 0.599 0.518 0.456 0.407 0.367 0.334 0.303 0.283 0.262 0.249 0.230 0.216 0.204 0.194 0.184 0.175 
0.75 0.732 1.360 1.075 0.877 0.734 0.627 0.545 0.481 0.430 0.388 0.354 0.325 0.300 0.279 0.261 0.244 0.230 0.218 0.206 0.196 0.187 
0.80 0.647 1.367 1.099 0.909 0.766 0.658 0.575 0.509 0.456 0.413 0.377 0.347 0.321 0.298 0.279 0.262 0.247 0.233 0.221 0.211 0.201 
0.85 0.660 1.375 1.126 0.943 0.803 0.695 0.610 0.542 0.487 0.442 0.405 0.373 0.345 0.322 0.301 0.283 0.267 0.253 0.240 0.228 0.218 
0.90 0.622 1.383 1.154 0.981 0.844 0.737 0.651 0.581 0.524 0.477 0.438 0.404 0.375 0.350 0.328 0.309 0.292 0.276 0.262 0.250 0.238 
0.95 0.582 1.393 1.183 1.022 0.891 0.784 0.698 0.627 0.568 0.519 0.477 0.482 0.411 0.384 0.361 0.340 0.322 0 .305 0.290 0.276 0.264 
1.00 0.540 1.407 1.216 1.068 0.944 0.840 0.753 0.681 0.621 0.569 0.526 0.488 0.456 0.427 0.402 0.379 0 .359 0.341 0.325 0.310 0.297 
1.05 0.498 1.428 1.253 1.120 1.004 0.904 0.818 0.746 0.684 0.631 0.585 0.545 0.511 0.480 0.453 0.429 0.407 0 .387 0.369 0.353 0.338 
1,10 0.454 1.461 1.297 1.178 1.072 0.978 0.895 0.823 0.761 0.706 0.659 0.617 0.580 0.548 0.518 0.492 0.468 0 .447 0.427 0.409 0.392 
1.15 0.408 1.513 1.354 1.247 1.153 1.067 0.988 0.918 0.856 0.801 0.752 0.708 0.670 0.635 0.603 0.575 0.549 0.525 0.503 0.484 0.465 
1.20 0.362 1.596 1.433 1.335 1.252 1.174 1.102 1.036 0.976 0 .921 0.876 0.827 0.786 0.750 0 .716 0.686 0.657 0.632 0.608 0.586 0.565 
1.25 0.315 1.730 1.552 1.454 1.379 1.311 1.247 1.187 1.130 1.078 1.029 0.985 0.943 0.905 0.870 0.838 0.808 0.780 0.754 0.729 0.707 
1.30 0.268 1.947 1.746 1.638 1.563 1.500 1.444 1.390 1.339 1.291 1.245 1.202 1.161 1.124 1.088 1.055 1.023 0.994 0.966 0.940 0.915 
1.35 0.219 2.305 2.081 1.943 1.860 1.794 1.739 1.690 1.644 1.601 1.559 1.520 1.482 1.446 1.412 1.379 1.348 1.318 1.240 1.263 1.237 
1.40 0.170 2.926 2.688 2.525 2.410 2.324 2.257 2.202 2.155 2.113 2.074 2.037 2.003 1.970 1.939 1.909 1.879 1.851 1.824 1.793 1.773 
1.45 0.120 4.116 3.895 3.717 3.574 3.457 3.362 3.283 3.216 3.160 3.110 3.087 3.028 2.992 2.960 2.929 2.901 2.874 2.848 2.824 2.800 
1.50 0.070 7.039 6.881 6 .735 6.601 6.478 6.366 6.264 6.171 6.086 6.009 5.938 5.874 5.816 5 .762 5 .713 5.668 5 .626 5.588 5.553 5.520 
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CHAPTER VI 
CONCLUSIONS AND RECOMMENDATIONS 
C o n c l u s i o n s 
From t h e p r e v i o u s i n v e s t i g a t i o n c e r t a i n d e f i n i t e c o n c l u s i o n s can 
be made. These c o n c l u s i o n s c o n c e r n b o t h t h e e v a l u a t i o n of | M | and M^ 
a s measu re s of sy s t em memory l e n g t h and some c h a r a c t e r i s t i c s of memory 
l e n g t h i t s e l f . The c o n c l u s i o n s , h o w e v e r , a r e g e n e r a l i n n a t u r e . No 
a t t e m p t h a s been made t o e n u m e r a t e r e s u l t s as was done p r e v i o u s l y . 
From an o v e r - a l l s t a n d p o i n t i t must be c o n c l u d e d t h a t M^ i s t h e 
b e t t e r measure of memory l e n g t h . T h i s c o n c l u s i o n i s l a r g e l y a r e s u l t 
of t h e f a c t t h a t a v a l u e f o r M^ can be o b t a i n e d f o r a l a r g e number of 
nonmonotone s y s t e m s , w h i l e i n g e n e r a l d e r i v a t i o n s of | M | f o r t h e s e 
s y s t e m s a r e d i f f i c u l t t o i m p o s s i b l e . I t i s t r u e t h a t M^ i s swayed i n 
many c a s e s by l a r g e v a l u e s i n t h e w e i g h t i n g f u n c t i o n s u f f i c i e n t l y t o 
c a u s e n e a r v i o l a t i o n s of c r i t e r i o n ( i i ) . However, s y s t e m s where t h i s 
o c c u r s a r e n o t common and a r e n o t l i k e l y t o be e n c o u n t e r e d i n p r a c t i c e . 
A l s o t h e i n v e s t i g a t i o n i n C h a p t e r IV, r e l a t e d t o t h e s e c o n d - o r d e r 
s y s t e m , i n d i c a t e d t h a t M^ was c a p a b l e of c h o o s i n g t h e b e s t p e r f o r m i n g 
s y s t e m (and hence a l s o t h e one of minimum memory l e n g t h ) . The p e r ­
c e n t a g e p o i n t s f o r M^ o f f e r e d no o b j e c t i o n a l b e h a v i o r . These p o i n t s 
f o r | M | and M^ d i f f e r e d o n l y i n t h e i r r a n g e of v a l u e s . 
For monotone s y s t e m s on t h e o t h e r hand t h e measure | M | i s v e r y 
a t t r a c t i v e . I t i s f r e e from t h e t r o u b l e s o m e n e a r v i o l a t i o n of 
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c r i t e r i o n ( i i ) . In g e n e r a l f o r any s y s t e m i t s f o r m u l a i s e a s y t o 
d e r i v e and s imp le i n form. 
The p r e v i o u s i n v e s t i g a t i o n a l s o r e n d e r e d c e r t a i n i n f o r m a t i o n i n 
r e g a r d s t o r e l a t i o n s h i p s ( v ) and ( v i ) . For monotone s y s t e m s c a s c a d e d , 
| M | i n d i c a t e d t h a t memory l e n g t h i s t h e sum of t h e memory l e n g t h s f o r 
each i n d i v i d u a l component s y s t e m s . T h i s was n o t t h e i n d i c a t i o n of M^, 
t h o u g h M 2 and | M | d i f f e r by o n l y a s m a l l amount when a l a r g e number of 
s y s t e m s a r e c a s c a d e d . For nonmonotone s y s t e m s t h e r e seemed t o be no 
c o n n e c t i o n be tween component s y s t e m memories and o v e r - a l l s y s t e m 
memory. I t a l s o seems t h a t memory l e n g t h f o r p a r a l l e l s y s t e m combina ­
t i o n s does i n d e e d behave a c c o r d i n g t o r e l a t i o n s h i p ( v i ) . Only u n d e r 
c e r t a i n s t r a i n e d c o n d i t i o n s d i d t h i s r e l a t i o n s h i p n o t h o l d . 
Recommendat ions 
I f i n t h e e v e n t t h a t s y s t e m s a r e c l a s s i f i e d o r compared on t h e 
b a s i s of memory l e n g t h and t h e s e s y s t e m s a r e a l l m o n o t o n e , t h e n u s e of 
t h e measure | M | would be recommended. The e a s e of d e r i v a t i o n and 
s i m p l e form of t h e f o r m u l a make t h i s an o b v i o u s r e c o m m e n d a t i o n . A n o t h e r 
r ecommenda t ion i s t h e u s e of | M | a s an a p p r o x i m a t i o n t o f o r t h e c a s e 
of monotone s y s t e m s i n c a s c a d e . 
I t s h o u l d be k e p t i n mind t h a t many of t h e r e s u l t s p r e s e n t e d i n 
t h i s i n v e s t i g a t i o n can be g e n e r a l i z e d t o o t h e r s y s t e m s w i t h w e i g h t i n g 
f u n c t i o n s of a s i m i l a r fo rm. T h i s i n c l u d e s e s p e c i a l l y t h o s e r e s u l t s 
p e r t a i n i n g t o t h e r e l a t i v e v a l u e s and p e r c e n t a g e p o i n t s . 
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APPENDIX 
APPENDIX 
D e r i v a t i o n of | M | : S e c o n d - O r d e r System ( C h a p t e r IV) 
I U > i . o ) 
CO - s t - s t 
h ( t ) = — (e 1 - e 1 ) 
2 ^ 2 - l 
•ceo + co / c 2 - i and - s _ = £co - co / c ; 2 - l n n 2 n n 
J ( t e - t e )d t 2 _ , 2 
_ o _ 1 / s i 1 / s 2 
_s t - s _ t 1 / s . - l / s _ 
/ (e 1 - e 2 ) d t 1 2 
0 
s + s 2co L 
= 1 / s . + l / s _ = — = = 2£ . 1 2 s . s 0 co 1 2 n 
i i U < i . o ) 
CO -co £ t 
h ( t ) = e sinco t 
/l^2 
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f00 -CO £ t 
t e n sinco t d t = Y ( - l ) n 
f(n+l)Tr/co -co ? t 
n=0 
r n . t e sinco t d t r 
nTr/co 
0 0 -co e t 0 0 
r 1 • t | d t = i ( - D n 
0 n=0 
(n+l)Tr/co. 
J e I sinco 
r -a) Ct 
e sinco t d t r 
nTr/co 
But 
( n + l )TT/CO r -co £ t 
t e r sinco t d t = ( 2 ? / l - ? 2 ( - i ) n + n 7 r ( - l ) n ) 
nTr/co 
And 
Thus 
n + l n r + r TT(-l) 1 
n + l 
( n + l )TT/CO 
r -co <;t 
e sinco t d t = r 
nTr/co 
/ l ^ n + l n r + r ( - 1 ) ' 
r = e , c|> = CTT/ZI -C : 2 
-oo n ?t 
t e I sinco t l d t = i r i 
2 ? / l - ? 2 r + 1 
1 - r 
2r 
( 1 - r ) ' 
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e I sinco 11 d t = / l ^ 2 r + 1 
1 - r 
M| = 2 1 + 
1 CO CO 
n r 
1 - r 
D e r i v a t i o n of M : S e c o n d - O r d e r System ( C h a p t e r IV) 
Case I (£ > 1 .0) 
2 r-
h 2 ( t ) 
« + ( r - i ) 
- , 2 
•s^t - s 2 t 
e - e 
- s t - s t 2 
t ( e 1 - e ) d t 
0 
°° - s t - s t 2 
(e 1 - e ) d t 
0 
l / 4 s 2 - 2 / ( S l + s 2 ) 2 + l / 4 s 2 
l/2s1 - 2 /CSj+s ) + l / 2 s 2 
, 2 2 W ^ .2 . 2 2 ( s 1 + s 2 ) ( s 1 + s 2 ) - 8s s 2 
2 S 1 S 2 ( S 1 + S 2 ) 3 " 8 s i s 2 ( s i + s 2 } 
a f t e r some a l g e b r a 
M- 2 
_ 2g - g - 1 
2?co ( C 2 - 1 ) n 
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Case I I (£ < 1 .0 ) 
oo -2oo Ct i 2 • v n n . 2 h ( t ) = -— e s i n co t 
. Z. \ TO 
-2co n Ct 2 
f t e s i n co t d t 
o r _ 
*> -2co £ t 
I e s i n co t d t 
0 
1/8 ( 2 C
2 + D ( 1 - C 2 ) 
2 2 co C n 
1/4 1 - £ 
= r,/oo + l/2oo c n n 
P a r t i a l D e r i v a t i o n ofoo M„: F i r s t - and Second -Orde r n—2 
Systems Cascaded ( C h a p t e r V) 
h ( t ) = 
9 
W /T n 
(1/T-Coo ) 2 + oo2 n r 
- t / T + A l / T - S . J ^ + cog - c a t 
e + e sm(oo t - 6 ) 
oo r 
t > 0 
= Tan - 1 1/T - coo 
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, 2 , . v - 2 t / T 2r - a t . . ^ . ,^ h ( t ; = e + — e (smo) tcoscp - cosoo t s m c b ; oo i 1 r r 
2 , - 2 a t c o s e c cp o 
e ( 1 - cos2oo tcos2cp - sin2oo ts in2cp) 
v = /(1/T-•Co) ) ?- + oo2' n r 
sincb = oo / r r 
a = Coo o n 
a = a + 1/T o 
/ t h ( t ) d t 
0 
2 2 
(—) + — + 2 
8a 
cos20 
2 ^ 2 a t o o r 
( c o t ( p ) ( t a n 2 6 1 ) - 1 
cos20 . 
c o t cp + ( 2 t a n 2 6 2 ) ( c o t c p ) - 1 ( / ) 
/ h 2 ( t ) d t = T/2 + ^ - + 2a 2 ^ 2 a +oo r 
( t a n 6 )(cot<(>) - 1 
a 
o 
2 4oo " 
n 
c o t cp + ( 2 t a n 6 )(cot(J>) - 1 
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K = r /oj = coseccf) r T 
= Sin 1 
/ a 2 + 0 J 2 r 
= 3 = Sin - 1 
o r 
Le t 1/T ktoj , t h e n n 
( t ) 
r 
<J> = Tan - 1 t a n 3 
k - 1 
cot<(> = ( k - l ) ( c o t 3 ) 
2 2 
a " W r ( k 2 + 2 k + 2 ) c o s 2 3 ~ 1 cos26 = = 
1 9 9 9 9 
a + a£ (k + 2 k ) c o s 3 + 1 
K = r /oj = r 
/ ( k 2 - 2 k ) c o s 2 3 + l 
s i n 3 
9 9 9 / 9 9 ^ 
a + OJ = OJ f(k + 2k + 2 ) c o s 3 + l ] r n ^ ; 
V l a n 8 i " k + T 
t a n 3 
U s i n g e q u a t i o n s ( t ) , (?) and ( ^ ) , t h e d e s i r e d r e s u l t s can be o b t a i n e d . 
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P a r t i a l D e r i v a t i o n of co M^: F i r s t - and Second -Orde r n—2 
Systems i n P a r a l l e l ( C h a p t e r V) 
-T-/T W n ' ^ n 1 
h ( t ) = 1/T e " T / + — e sinco t , t > 0 co r r 
2 2 " k a 2 t " V " a 2 t 2 h ( t ) = [k£co ] e + K n e sinco t + K_e s i n co t n 1 r 2 r 
where 
kgco = 1/T 
a = Ceo + 1/T = Ceo (k+1) I n n 
a„ = 2Cco 2 ^ n 
K,n = =-2- = 2kco c o t 3 1 Tco n r 
4 
^ o o n z z. K_ = —- = co c o s e c 2 2 n co r 
s i n 2 6 n KL 1C cos26. 
/ t h 2 ( t ) d t = 1/4 + K x 2 * + - \ ~ -f * " 2 h ( # ) 
a n + co 2a^ a^ + 4co 1 r 
2 
°° _ kCco Knco 2K0co 
J h ( t ) d t = —5-2- + - T T ^ - J + ^ — (#> 
0 a + u a ( a +«m) r) 
where 
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= S in - 1 
/ a 2 + a ) 2 1 r 
= Sin - 1 s i n 3 
/ ( k + 1 ) 2 c o s 2 3 + s i n 2 3 
= Cos - 1 
/ a 2 + 4 o j 2 2 r 
Cos 1 ( c o s 3 ) 
The d e s i r e d r e s u l t s a r e e a s i l y o b t a i n e d from ( # ) and (q^). 
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